CS 295: Causal Reasoning

Rina Dechter

Algorithmic Approach for
|dentification

Based on Elias Bareinboim slides



Roadmap

e Define a decomposition (factorization) of the
probability distributions generated by a SCM,
based on the corresponding causal diagram.

e Establish operations that allows us to identify
particular components (factors) from a distribution.

e Express the target causal effect into factors
and develop a systematic procedure to identify
each one of them independently.



Factorizing Observational
Distributions



Bayesian Networks: Example
(Pearl, 1988)

P(S)

P(CIS) P(BIS)

CPD:

P(D|C,B)
0.1 0.9
0.7 0.3
0.8 0.2
0.9 0.1

P(X|C,S) P(DIC,B)

= = O Ol
= O = Ok

P(s, C, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

Belief Updating:
P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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= 3 p(A)p(1A) p(el 4) pldlb. A) plelp, ) Tle = 0

pA) 3032 3 plelA) e = 0] 3 p(b14) (s 4) plel.

P\\\/ AB%CaCZ,C,G) B

Variable Elimination
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Belief Updating @

Algorithm BE-bel |[Dechter 1996]

p(AlE =0) =a >  p(A)p(blA) p(c|A) p(d|A, b) p(e|b, ) 1]e = 0]
e,d,c,b
Z H — Elimination & combination
b A operators
N

bucket B: 7 p(bA) p(d|b, A) plelb, ¢)

~_\

bucket i p(c]4) Aplc(A,d.c.e)

\A ‘/ (. ~ J
bucket D: Aoop(A,d,e)
/6
bucket E: 1[E =0] Ap_r(A,e)
W*=4
\ S “induced width’

bucket A: p(A A a(A)

/ p(E = 0)

p(A’E — O) — p(A) F = 0) /p(E' — 0)295, Winter 2023

(max clique size)




Bucket Elimination p@

Algorithm BE-bel [Dechter 1996]

p(AlE =0) = a »  p(A) p(b]A) p(c|A) p(d|A,b) p(elb, ¢) L[e = O
e,d,c,b
Z H — Elimination & combination

b A operators

G’ Ime and space exponential in the
Induced-width / treewidth

7

" /

DULARLL A P 2eoald) (max clique size) \@y

/ p(E = 0)

P(AlE =0) =p(A, E=0)/p(E = 0)




Induced Width (continued)

The effect of the ordering:




| Ne Impact of evidence ¢
Algorithm BE-bel

12

—— Elimination operator
A —

bucket B: P(b\a) P(d\b a) P(elb, c) B=1

bucket C: P(c\a)

bucket D:
bucket E: e=()

bucket A: P(a)

S

P(ale=0)




| Ne Impact of evidence ¢
Algorithm BE-bel

PAIE=0,8=1)7 —— Elimination operator
A —
bucket B: “P(bla) P(db,a) P(elb,c) Bl
v
bucket C: P(c|a) P(e|b=1,c)

bucket D: P(d|b=1,a)

10
bucket E: e=( \

bucket A: P(a) P(b=1]a)
Pt) )
 Pale=0 - P(a,e=0)
P(a\e=0) CS295, Winter 2 3((l|€—) P(e=0)



Back to SCM

11
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Markovian Case

e The distribution P(v) decomposes as:

P(v) = 5 P(u) m POilvy v u) =5 P(u) n Pl pa;

u .

u VeVP (z, x, y) = ¥ P(wP(z | u)P(x| z, ”x)lrj)(lé/\l' X, Z,

N

\ (

/\

P Px| z,
Z Zl )\ZX X|Z

uZ>P(LZtZ) 0 )P(u)
= P)P(x | 2)P(y | x, z)

)

(

)P

s Py | x, z,

e In Markovian models, P(v;| pa;) can be seen as “canonical factors”.

6%



Markovian Case

e Every P(vilpa;) is computable from P(v), i.e.,

Z
ol oa) 3 v V) /\
P l - 2 @ @
! vi| pa 5 PO X Y

P(z, x, y) = P@)P(x| 2)P(y | x,

Zy P(v)
Zx,y P(v)

| P(x z) =

CS295, Winter 2023
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Markovian Case

(Uz>/ Plzlv,) —¥
' P((/,,>/ P(X‘U)‘/Z)

P(U );’ P()’/Z,X,U )-

5»(@ 2 p lel) )=
XY, Z . V2
e z) g P (x40 P(c/p):

N (w,;; ZP(y{z,XM a

2

Py, 2) )*Ut(z - )yk(»c,axvy(/,ﬁz)




Markovian Case

(U2>/ pPl=lv,) —*
P(‘/,,>/ P(x[w,@
PLv, )s prlzx v

P&)
(2= 2P (zlv) (Y, )=
K72 ) 2 p({Z)

%(x 2) = zi P (x[de D P(Up)i
% (v, % 2)- 29(7{g,xu ) p(g
4 P

Py, %) %Ut(z - >yk(sc,a)'>v7(\/, )

P(X,Y,2) = P(Z)P(X|Z)P(Y|X,Y,Z)



Markovian Case

CS295, Winter 2023
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Semi-Markovian Case

e Start from a simple Markovian model:

o o e PV = PO)PG,y | v)POvs | va)P(vg | v3)P(vs | vy)

>® >®
Vi Vo V3 Ve Vs

e |Let’'s add an unobservable U;, that affects two observables,
and breaking Markovianity:

Ui
P(v) = 3 Pluy)Plos Lo )P(vy | vadPlas Las u)Pvy | v3)P(vs

——eo—>0——0—e |1,
Vi Vs V3 Ve Vs

= P(v2 | vl)P(V4 | V3)P(V5 | [4) > P (ul)P (Vl |

u)P(v3 | v, uy)

CS295, Winter 2023
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Using Bucket Elimination

V, P(m,g,@ -

v, : P Iv) 2?0/! ) )Pl P
/f\

Vi Can B féu .

Vo P Iv,) &;D/(l/) 0’“%?7

V..

Y

18



Semi-Markovian Case

e From the previous model ...

Ui

— oy
- ~

RN P(v) = 5 PG)PGL| 4 )P | ¥)PR| %,4 )P(#| 3P| 4
¥

N
® >@ >@ >@

>@ )
iV, Vs Ve Vs V)

= Py | v)Pvy | v3)P(vs | ¥4) S Plup)P(vy |

u)P(v3 | v, uy)
e Add another unobservable U,

Ui U
LTS P(v) = s Pluy, up)Plvy | upPvy | vid Pl Lp o, up)Plvg Jog)Plus.|
U2

7/ N\
/ \

o >@ ;*. >@ >@ V4 ”2) ( )
Vi V> V3 Ve Vs

= P(vy | v)Plvy | Vs)g Pluy, up)Pvy | up)Pv3 | vy, ug, up)Pvs | vy,
\ T2

/
u>)
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Semi-Markovian Case

e From the previous model...

Ui U>
TS 2 Plv) = by Pluy, up)Pvy | u)Pvy | v)PO3 | vo, g, up)POvy | v3)PAvs |

2

P g
// \\ // \\\
¥ Y ¥ |
® >® >0 >® >® Vy, 1)

Vi Vs V3 Ve Vs

= P(vy | v)Plvg | v )Z Pluy, up)Pvy | u)P(vs | vy, ug, up)Pvs | v,
e |et'sadd one more, U;, u)

Ui U>
7 T T TT P(v) = 5 Pluy, uy, uz)P(vy | uMW;)P(V;LVZ, uy,
a7 A Pog | g i) Pos | v
o VXY Vs AVe Vs )
N Uz
U5
( \ [ \

b Puz)P(v, | vy, u3)Plvg | vs, > Plug, un)POy | u)Pvs | v, g, un)Plvs | v .
\ i \ ZTU2

3) o o w) 20




C-factors

e Recall our example

P(v) =

(

Z P(u3)P(v2 | V1, u3)P(V4 | V3,
\ 3

)

5 Plug, up)Pvy | up)Pv3 | v, g, up)Pvs | vy,
\ #Ti02

1)

e These factors made of sums may be long to write in terms of P(v,u).
However, their structure follows from the topology of the diagram, then
we can abstract this concept out by defining a new function Q:

where

OlCl(e, pa,) = So P(u(C)) b P& | pa, u) UC) = U,

e Then P(v) can be re-written as

P(v) =
V4)

Vo, Vallv

KeC

v )Q[ V].a V39 V5](V17 V3, V5, V),

75, Winter 2UZ3

\
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C-factors

e For convenience Q/C/(c,pa.) can be written just as Q/CJ

e Then, for our example, we can just write

Ui U>
P(v) = OV, ViOlV;, Va, Vel
AL L NERE R T
sb%/

e No need to name the variables in U explicitly!

e Note that for the whole set of variables V
OlV] = ¢ P(u) P&, | pa, u;) =
P(v) 2 I
u VeV

e For consistency define Q/]=1

Vs

22



C-factors are Causal Effects

e Let CC V. Consider the causal effect of all
other variables on C, that is P(c|do(v\c)).

e By the truncated product we have

P(c | dolv\e)) = S P, | pa, u)P(u)

u VeC
e All Us that are not parents of any element in C can

-SUmea ‘3 ut, hence E:j

Ple| dotv~e) = 5 PlO) 17 Plv,| pa, u) = OIC]

u(C) KeC

Thic ic A lLAavs ~cAarn~Aac~tian atiaranamm O FAamntAara AarnA Aartianl AFFA A+~

23



On the completeness of an identifiability algorithm for semi-Ma
models

Article in Annals of Mathematics and Artificial Intelligence - December 2008

DOI: 10.1007/510472-008-9101-x - Source: DBLP

CS295, Winter 2023
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The Q function (from Valtorta)

P\ s(s Z H P(v;|pa(V H P(vj|pa() (8)

UrpcU V;eS V,eU

In formula 8, the subscript n\s indicates a configuration of the variable or
variables in the set N\S. For convenience and for uniformity with [2], we
define

QS] = Pn\s(5) )

IN a semi-markovian model:-

P(s) = Qls] = Pas(s) = Y ][] Pluilpa(Vi)) [] PG (11)

UreU V;€8 V,eU

We define the c-component relation on the unobserved variable set U of graph
G as follows. For any U; € U and U, € U, they are related under the c-
component relation if and only if one of conditions below is satisfied:

(i) there is an edge between U; and Us,
(i1)) U; and U, are both parents of the same observable node,

(iii) both U; and Us; are in the c-component relation with respect to another
node Uz € U.



C-Factor (component)

Definition C-factor or C-component

A c-component (short for “confounded component,” [3]) of variable set V
on graph G consists of all the unobservable variables belonging to the same
c-component related part of U and all observable variables that have an un-

observable parent which is a member of that c-component. -

Definition of Ancestral set

We conclude this section by giving several simple graphical definitions that
will be needed later. For a given variable set C' C N, let G denote the sub-
graph of G composed only of variables in C' and all the bidirected links be-
tween variable pairs in C. We define An(C') be the union of C' and the set of
observable ancestors of the variables in C' in graph &G and De(C') be the union
of C' and the set of observable deccendonte Af the variables in C in graph G.

An observable variablese . - = coonbk i Ceouiue oL
“ontains 4 1ts owiI or

CS295, Winter 2023
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Marginalizing Variables in C-factors

e Joa certain extent, c-factors behave as its probabilistic counterparts.

e Consider the c-factor O/V., V3 Vs] in our example
Ui U>

Olvy, Vs, Vil = s Pluy, up)P(vy | up)POvs | vy, ug, up)Plvs | vy, u3) % Vi

1,42 V

e Variables V', V3 Vsonly appear in one term, because they are not the
parent of any other variable in the factor. So, if we sum Q/V,,V3,Vs] over
any of them, for instance V3, we have

Z Z P<u1, Mz)P(Vl, M1>P(V3 | Vo, Uy, Mz)P(V5 | V4, UZ)

o iz

uzl’uz Plugpan)Plvy Joug)P(vs | vy, UZ}) - Q[Vla‘ Vsl

27



Marginalizing Variables in C-factors

e Consider now a different c-factor U, U>
OV, V2, V3],

By Definition of Q:

ViV, V3

Q[Vl, V>, V3] = 3 P(ul, U, u3)P(v1 | ul)P(vz | Vi, u3)P(v3 | Vo, Uy, uz)

U o3

* |In contrast to the previous case, here J; appears in two terms since it's a parent of
another variable in the factor. So, if we sum Q/V,V>, V3] over Vi, we have

Z P(Ml, U, M3)P(V1 | Ml)P(VZ | 1, M3>P(V3 | Vo, Uq, Mz)

Vi Uihi

Z P(ul, Mz)P(V3 | Vo, Uy, Mz) Z P(M3)P(V1 | Ml)P(VZ | W, M3) == Y I

L) : 6]2”
, CS295, Winter 2023
Can we remove V1 here? Symbolically? 28



What variables can be marginalized
In the logic of C-factors?

o Let WC CCV, be two sets of variables.

Ui U>
. Lemfnal(ancesj[ral-reductlon). If Wls.ancestral, 1?7 . et e 3.
that is, it contains all An(W) present in the AR

subgraph made of the variables in C, i.e., Gc.

*Then. oiwl - olcl
e For example, for 2‘={V1, Vo, V3t In Ge U
o W={V.V>}!Is ancestral o, Vol =5 v, oy Vy 1]
o W=/V,}!Is ancestral ol p3 VZ,VBQ[VP 34 Vi 1)/2 )3

o W={V>V3}Iis not ancestral

29



Theorem 1 Let W C C' C N. If W is an ancestral set in G ¢, then

Y QI =QW] (12)

VieC\W

We recall that subgraph G includes all variables in €' and the subset of
the unobservable variables in G for which their children are all in in C. The
lemma says that in such a subgraph, if 11" is a set of observable variables whose
ancestor set includes no other observable variables in the subgraph, then Q[IV]
can be calculated directly from Q[C] by marginalizing variables in C\WW. In

So if Q(C) is identifiable then Q(W) is identifiable.

CS295, Winter 2023
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Confounded Components
(C-Components)

Ui U:
e Recall our example e
1 2™ P 4 5
\(71,3/

( \ ( \
Plv) =

5 P(u3)P(vy | vy, u3)P(vy | vs, Z Pluy, up)Pvy | up)Pvs | vo, ug, ux)Plvs | va,
\ 3 ‘ ) \ L

uz)

e Definition (C-component). When V;and V;share a common
unobservable parent U, P(v:| pai; u;) and P(v;| pa;, u;) are tied
together by the sum over UcU;NU;. Then, we say that V;and
V;are in the same confounded component (C-Component,
for short).

CS295, Winter 2023
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C-Component Relationship

Ui U,

Vi ”k & /"974 Vs
U

o ®
Vi VR OV Ve V.
I AL VAZER S

—

e J/; is In the same c-component as /3,
® |3 is In the same c-component as /s,

e By extension, V;is in the same c-
component as Vs too.

® J>is in the same c-component as V..

* Tosee it easily, consider the graph
induced over the bidirected edges!

® Obs. The C-Component relation defines
a partition over the observable
variables, hence it is Reflexive,
Symmetric and Transitive.

32



C-Component Factorization

e The distribution P(v) factorizes into
c-factors associated with the

c-components of the graph. U, U;
O = {Vz, V4} O, = {Vl , V3, Vi T)/:k \)VS f)?ﬂt )V5
Vi) v
( \ [ )
P(v) = \Z P(u3)P(v> | vy, u3)P(vy | vs, ) Zuz Pluy, up)Pvy | up)Ps | vo, ug, un)Plvs | v,

)

uz)

P(V) = Q[Vz, | V4] Q[Vl, V3,
Vsl

33



C-Component Factorization

e For any H C V, consider a graph Gu.

e |l et H;, H,, ..., Hir be the c-components of Gg.
e Then

O] = 7 OlH]

34



C-Component Factorization

e Consider another example

Q[V] = Q[Zz, Zg, X, Y]Q[Zl]

P(v) = P(»,3,x,v| dolz )P{z |dalz,
cx))

CS295, Winter 2023
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C-Component Factorization

e For any H C V, consider a graph Gu.

e |l et H;, H,, ..., Hir be the c-components of Gg.
e Then

O] = 7 OlH]

36



C-Component Factorization

(Continued)

o et Vi<Vi<..<Vpbe atopological order over
the variables in H according to G.

e | et H<i be the variables in H that come before
Vi, Including V..

e | et H>i be the variables in H that come after /..
e Then

37



C-Component Factorization

e Suppose H=V={V1,V2,V3, V4 V5]
IS ancestral in Ge.

U, U,

>@ > >
Vi VR Vs / Ve Vs

olv] = olry, 15, Vslolv,, Vil Sl

V,« V ) V] =_Q[_Vl_] _Q_[Vl, Vz, V3l -Q—[Vl, Vz, V3, VA,

.Q.le...i..ﬁ.g
6[]1/1,%] oln, 75, V3,Q Vzﬁl’ V2

Q[ Vz, V4] =

Oy Vs Gy, v, 73] o) = 2



C-Component Factorization

Ol oOlvy, Vo, Al Oy, Vs, 13, Va,

Q[Vl, V3, V5] =

1/212\/3%[2 [V] - Q[]Vf/z] _olv]
L, V2, V3, Vs

2y vovsays O A4 250405 O 4 2.5 O V]
> ovavavs PV) 2, PV) 5 P(v)

OH=| = ¢ Ol[H]
S v PV S POV 3, P(Y) #

_ Pvy) P, vo, v3) Plv, vo, 13, v, o v
Vi Vo Vi A4 Vs
i) 1 PO, v N

Py, v, 13, v4) 3



C-Component Factorization

' How to get just O/ V2] or Q[ V.]?
Vi V- Vi Vo, I3, |
Q[VZ V4] = Q[ L 2] Q[ b > 3 4 . Both are ancestral in Gy, !
olrl Vo, 1, 73 '

oVl 5 olvl ol =g O

V3,V4,V5

_ > olvl 3, .. oVl AR
o :V) Z%v;’(v) Rl S Olvs, Vi
S P8 5PV 5 A \)/1)P(v4 vy 75
V2 (‘E) 2
_ ’B(“Ll"—‘%)' P(V by V3’74')_ v
P(vy) Py, v, v3) Vi VZ\ Z; jh 7

= P(vy | v)Py | vy, v, *



C-Component Factorization

oy, Wl Oy, Vs, 13, 4 How to get just O/ 3] or Q[V4]?

Q[V Vil = i Both are ancestral in Gy, !
2 ol V@[VL Vs, V3l :
Oyl =< OV, Vil
_ V3,V4,V5 Q [V] Z V5 Q[V] : Z4
5 : = Plv, | 1
V2,V3,V4,V ', . . ——
P 4 [Vz, V4]
i Notice that these c-factors are |
-  expressible in terms of the obs. VX
> vovsvae Pl distribution (no U-terms)! [ viIIPvy | vi, v,
2 U 2
— ’B(“Ll"—‘%)' P\V by 334
P(vy) P, vy, 13) g VZ\ Z; P

CS295, Winter 2023
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C-factor Algebra - Summary

We have two basic operations over c-factors

1. Reduce to an ancestral set

If Wis ancestral in G¢

Q[W] = > w Q[C]

2. Factorize into c-components

Where H,,...H;, are the
Q[H] = ] Q[H]] c-components in Gy

42



Expressing Causal Queries in
terms of C-factors



Causal Effect in terms of
C-Factors

e Consider a model  with the following causal diagram

/\P(ny)— P(z, x, y,

W= s e ulPu) 5 Blk2ru)Pl) 5Pty

WP) v

Pz, x5) =0lZ0lxX1blY] g N

1[ (u)—z] 1[x(Zu)—x] 1l £ ,u)=
° Let M’ = M, then the fgrr sponding caL{saI diagram G’ b g

i) 'Z\ Pl xy) =g Plxy 1=y

Y w_ s PG| u)Pu) Pk .S P(y| x, z,

= Q[Zz]l[x 2Pz, 3 |-dolx’)) = P, ¥, y) =

Ve krdValRvd

28



Causal Effect in terms of
C-Factors

e Consider a model  with the following causal diagram

/\P(ny)— P(z, x, y,

W) 5 PlepelPu) 5 Ploeker)P) 5~y

u )P(u )

Pz, x'5) ="Dlzlolxbly] g A

1l £GL) = 2] 1 (2, u,) = x] ,1[fy(x Z,My)=
° Let M’ = M, then the cforr sponding causal dlagram G =

aig(x,) Z\‘ P(ny) E P(Z,X,y, ]g )C]

Y w_ =5 P ‘| u)Pu)  P'K) b3 Py x, z

u

= Q[Zz]l[x 2Pz, 3 |-dolx’)) = P, ¥, y) =

Ve krdValRvd

26



Causal Effect in terms of
C-Factors

e Consider a model  with the following causal diagram

/\P(ny)— P(z, x, y,

W) 5 PlepelPu) 5 Ploeker)P) 5~y

u )P(u )

Pz, x'5) ="Dlzlolxbly] g A

1l £GL) = 2] 1 (2, u,) = x] ,1[fy(x Z,uy)=
° Let M’ = M, then the cforr sponding causal dlagram G =

a’g’(x) Z\A P (Z, X, y) E P,<Z, X, 9, ]g= x’]

Y w_ 3 P | uz){f(uz) ? P'(x) s P'(y |x &




Causal Effect in terms of
C-Factors

GRS
>0
Y

* Consider an intervention do(x)

A\

X Y
P(v) 5 olzlplxioly]
' Q. * [Q:J P(y | do(x)) = 5 Py, z |
e \We can get both O/Z] and Q/Y] from do(x))
Q/V] using c-component =5 oly, Z

decomposition with G and P(v).

_QE zy,xQ[Z’)(’ Y] Back-door!

ozl = . | = _ ed 2T
Q[Q] D zyx
non ‘ Pyl dotd) =5 Plylz
olY] =%7Z%ﬁ£ = Ply| z, CS295, Winter 2023 e - S — N
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Causal Effect in terms of
C-Factors

e Consider an intervention

_________
- ~

kl
® ®

X Z Y . 1
PV) =0lx, |
Y]Z?[Z] ° D Ply| dolx)) = 5 Py, z]
do(x))
olz) = %! = Pz | =5 OlY, IZ] \
C QX}Z] Is the same in both = 5. Q[Y]i 2[; ]}

e Can we get O/Y] from Q/X Y] ?

CS295, Winter 2023
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Causal Effect in terms of
C-Factors

e Consider an intervention

-y
- -
- -

X Z Y Z ¥
ool olx, 7 olrlolZ] O :
= PGP | ¥, . Pz
e /Y} is ancesPatiR(G|vy; Z)).(/ \‘41./ 2 (2 Z)x i ) X) l
oly] =5 olx, Y] Ez F oy P (’CZP v |L,;

« Z>_ <
= Z( P(X)P (yl X, CS295, Winter 2023

-\

z

{ Front-door! i
] 29



Solving the Napkin

e Recall the Napkin graph from last time

-—

\
\ \
| |
Y Y

>@ >@
Y Y

P(v) = iy, X, Y100
v) = Ol O, P(y | do(x)) = 3, olw,, w,

e O/W.X,Y]is computable from Q/V]

* | . 1,2 1SO
e Can we get OfY] from O/W1i.X.Y] 2 {)l} IS ancestral in Giw.,w. Y}
P(y| do(x)) = OlY

]

CS295, Winter 2023



Solving the Napkin

e \We can compute Q/W;, X Y] from Q[/W; W2, X Y] P(y| do(x)) = OlY
]
Wi
W X Y] _QIM_Q[WL s, X olwy, W5, X, s /,,n«\\
Q 1> <% _é‘[@] Q[W]_, WZ] Q[Wl, WZ? X] I// / \\\
_ Pwy) Plwy, wo, x)_Plwy, w, x, ’é

y) 1 P(Wl, W2>
P(WL W), x)

= P(w)PCx | wy, wo)P(y | wy, wy, x)

CS295, Winter 2023
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Solving the Napkin

e /X Y}!Is ancestral in Giw. xv; Ply | do(x)) = OlY

Y ,Il \\‘
=5 P (W)PGe | w, waPQy | wy, wy, ¢ -6
1 X Y

x)

CS295, Winter 2023
52



Solving the Napkin

e G,y has two c-components, hence P(y| do(x)) = Q[Y
|
olx, Y] = olxloly]  Giny
oly] = ox. vyl __ olx Y]
%[féb(wppz@ O W)PG | i, ws, o "

= Zym Pw)P(x | wy, wo)P(y | wy, wy,
X)Wl P(wl)P(x | Wi, W2>P(y | W1, W), x},,

- “PoT |
do(x)) ZWl P(Wl)P(x | W1, WZ) L - )/J_ — J_S
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Solve the Napkin
using Do-Calculus

¢ | et’s see an equivalent do-calculus derivation

P(y | do(x)) = P(y| dox, wy, Rule3: (YL Wo,Wi|X)q_

XW, Wa
wl)) Rule 2: (Y L X | Wi, W)

=P , d W ) -

- Plx | do(w>,
el

- P(xl

do(zjg)()ﬁ%)) x | do(w,), w)P(wy |

= Z P(x | do(w>), wi)P(wy |
%(W)x | W2, Rule 2: (Y X 1L W> | WI)GW

D(1A7 \

Conditional probability

Rule 3: (YXJ.LW1| W2)G Wlﬁz

Condition on W;

= Z PCX | w2, Wl)P<W1) Rule 3: (W; 1 W2)GVE
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A General Approach



A General ldentification Algorithm

e Given G and the query variables X Y

Ply | do(x)) = S OlvV\X]
XLy

\

B where D=An(Y) in Gx
= < 0ID]

e Suppose the graph Gp has C-components
Dla Dz, oo Dkv then

Py | do(x)) = S T oD ]

d\y “1
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A General Identification Algorithm

Function Identify(C, T, Q)

INPUT: C C T CV, @ = Q[T]. Assuming Gr is composed of one single
c-component.

OUTPUT: Expression for Q[C] in terms of @ or fail to determine.

Let A = An(C)q.,..
e [F A=C, output QIC] =) 1@
e [I' A =T, output FAIL.
e [FCCACT

1. Assume that in G4, C is contained in a c-component 7",
2. Compute Q[T"] from Q[A] = > 7 4 @ by Lemma 11.
3. Output Identify(C,T", Q|T']).

Figure 5.9: A function determining if Q[C] is computable from Q[T].
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Completeness

Theorem [Huang and Valtorta, 2008]}

The causal effect P(y|do(x)) is identifiable from
causal diagram G and P(v) if and only if each of

the C-factors Q[D; is identifiable by
Identify (Di, Ci, Q [Ci] y G) :

Where C;is the C-component of G containing D..
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Food for Thought

e Use the strategy discussed in this lecture to

identify the effect P(y|do(x)) in the following
causal diagram
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