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Introduction

Obtaining uncertainty estimates is increasingly important in modern machine learning, especially
as models are given an increasing amount of responsibility. Yet, as the tasks undertaken by automation become more complex, so do the models and accompanying inference strategies. In fact,
exact inference is often impossible in practice for modern probabilistic models. Thus, performing
variational inference (VI) [12] accurately and at scale has become essential. As posteriors are often
complicated—exhibiting multiple modes, skew, correlations, symmetries—recent VI research has
focused on using either implicit [20, 23, 18] or mixture approximations [10, 1, 7, 19, 9]. The former
makes no strong parametric assumption, using either samples from a black-box function [20] or
particles [16, 22] to represent the posterior, and the latter uses a convex combination of parametric
forms as the variational distribution. While, in theory, these methods are expressive enough to capture
any posterior, practical issues can prevent them from being a good approximation. For instance, the
discrete approximation that makes implicit methods so flexible does not scale with dimensionality,
as an exponential number of samples/particles are needed to cover the posterior. Mixtures, on the
other hand, can scale well, but their optimization objective is problematic and requires using a lower
bound to the evidence lower bound (ELBO) (i.e. a lower bound of a lower bound on the marginal
likelihood) [10, 7, 21].
In this paper, we propose a scalable but nonetheless free-form variation inference method that
performs Stein variational gradient descent (SVGD) [16] on distributions. Specifically, we describe
how to perform SGVD on particles forming the second-level of a hierarchical variational model
[21]. As the resulting marginal posterior is a mixture, we call the approximation a Stein mixture.
Just as SVGD reduces to MAP estimation when using one particle, optimizing a Stein mixture with
one component reduces to maximizing the ELBO. With more than one component, Stein mixtures
can be optimized without having to resort to any lower bounds. In fact, given enough samples, the
method performs gradient descent on a direct estimate of the marginal likelihood. Furthermore,
we can leverage black-box inference models to create amortized Stein mixtures: mixture models
without a fixed number of components. This allows for a small number of components to be used
during training (for computational efficiency) but an unlimited number to be used for prediction. We
demonstrate the method’s effectiveness in both small and large scale experiments.
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Background

Variational Inference. When we encounter an intractable posterior, we can make progress by proposing a distribution—call it q(θ; ψ), with parameters ψ—and fitting this distribution as an approximation to the true posterior. The optimization is usually done via maximization of the model evidence:
log p(X) = log Eq [p(X, θ)/q(θ; ψ)]. Analytical evaluation of the expectation above is intractable
but can be done by importance sampling [8, 2]. A more common approach is to optimize a lower
bound, know as the evidence lower bound (ELBO) [12]. It can be obtained by straightforward application of Jensen’s inequality to the expectation above: log p(X) ≥ Eq [log p(X, θ) − log q(θ; ψ)].
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Mixture Approximations. Using mixture distributions as approximations allows for the posterior’s
usual multi-modality to be captured and thus has been of interest
Pfrom the genesis of variational
Bayesian inference [10]. For a mixture approximation q(θ) = k πk qk (θ)—where πk denotes
the
P weights and qk denotes the component distributions—the ELBO is derived to be: log p(X) ≥
k πk Eqk [log p(X, θ)] + H[q(θ)]. The first term is a weighted sum of expectations under each
component and can be evaluated and optimized just as the similar term is for non-mixtures. However,
the H[q(θ)] term, the mixture model entropy, is intractable.
Previous work has used one of two strategies to deal with the entropy term. Jaakkola & Jordan (1998)
[10] derive a lower bound to the ELBO and introduce auxiliary parameters that must be optimized to
tighten the bound.
P Gershman
P et Ral. (2012) [7] use Jensen’s inequality to derive the following bound:
H[q(θ)] ≥ − k πk log j πj θ qk (θ)qj (θ) dθ. While this bound is appealing in that it does not
introduce more parameters, it is almost always looser than the Jaakkola & Jordan bound.
is particle
Stein Variational Gradient Descent Another appealing class of posterior approximations P
1
methods [5, 22, 16]: the posterior is represented by a discrete set of points, i.e. q(θ) = K
k δ[θk ].
Particle methods are free of parametric assumptions and therefore are highly expressive. A recently
proposed particle method is Stein variational gradient descent (SVGD) [16]. It exploits a connection
between Stein’s identity and the derivative of the Kullback-Leibler divergence (KLD) to efficiently
transport the particles through iterative, deterministic updates. The update for the kth particle is given
as θkt+1 = θkt + α∇θk KLD[q(θ)||p(θ|X)] where α is a learning rate and the KLD derivative is given
PK
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by: ∇θk KLD[q(θ)||p(θ|X)] = K
j=1 k(θj , θk )∇θj log p(θj |X) + ∇θj k(θj , θk ) where k(·, ·) is
a proper kernel function. While the first term pulls particles towards the maxima of the log joint,
the second term, ∇θj k(θj , θk ), encourages the particles to repulse one another, leading to beneficial
posterior exploration. SVGD also has the nice property that reducing to one particle recovers MAP
estimation, as the kernel terms become constants. Yet, like many particle methods, SVGD becomes
problematic in high dimensions. The problem simply stems from the curse of dimensionality: the
number of points required to adequately represent the posterior could be exponential in the dimension.
In turn, using a large number of particles makes the O(K 2 ) nature of the updates computationally
burdensome.
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Stein Mixtures

We now turn to our proposed method: using SVGD to estimate a mixture approximation to the
posterior, which we call a Stein mixture (SM). SMs combine the free-form nature of (implicit)
particle approximations with mixtures, resulting in a method that better scales to high dimensions.
By changing the operating objects from particles to distributions, we need fewer objects for a good
approximation since each distribution can do the work of several particles. This relieves SVGD’s K 2
computational costs with little loss in approximation quality as mixtures are still highly expressive.
Moreover, as will be shown later in the section, the SGVB updates retain the nice simplification
property: using one particle reduces to ELBO optimization.
Variational Model. We define the posterior approximation as the following hierarchical variational
PK
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model [21]: ψ ∼ q(ψ), θ ∼ q(θ|ψ), q(ψ|X) = K
k=1 δ[ψk ] where q(ψ) and q(θ|ψ) together
form the variational model, with the former being the prior and the latter being the first-level
distribution. q(ψ|X), then, is the posterior distribution over the second-level parameters and is made
up of particles that will P
be optimized by SVGD. The marginal posterior is a mixture of the form
1
q(θ; ψ1 , . . . , ψK ) = K
k q(θ|ψk ). Notice that this is a restricted mixture: each component has
the same weight, which is a byproduct of SGVB using uniformly weighted particle distributions.
Update Derivation. To optimize the SM model, the SVGD update is derived as follows. The
objective function is: KLD [q(ψ|X) || p(ψ|X)] = KLD[q(ψ) || p(X|ψ)q(ψ)/p(X)] where q(ψ)
and q(ψ|X) are as defined above and p(X|ψ) = E[p(X, θ)/q(θ|ψ)] is the marginal likelihood as
a function of the variational parameters. While the marginal likelihood is often thought of as an
expression of solely the generative model, for hierarchical approximations, the line between the
generative and variational components becomes blurred [21]. Lastly p(X) is the ‘true’ marginal
likelihood with the variational parameters integrated out. The SVGD update is given by ψkt+1 =
2
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Figure 1: Baseball Model Posterior Approximation. The figures above show how the Stein mixture
(red contours) improves with the addition of components (K) when approximating the posterior
distribution of logit(θ0 ) vs log κ. The black points represent 2000 posterior samples drawn via Stan.
ψkt + α φ[ψkt ] where φ[ψ] is defined as :
K
1 X
k(ψj , ψ)∇ψj log E[p(X, θ)/q(θ|ψj )] + k(ψj , ψ)∇ψj log q(ψj ) + ∇ψj k(ψj , ψ). (1)
K j=1

Notice that the ∇ψj log q(ψj ) term acts as regularization on the variational parameters, and from
here forward we assume it is sufficiently weak and can be ignored.
Importance Weighted Gradients. One last but crucial detail to address about the update in Equation
1 is how to evaluate the ∇ψj log E[p(X, θ)/q(θ|ψ)] term. We employ two recent advances in
variational inference: differentiable non-centered parametrizations (DNCPs) [14] and importance
weighted Monte Carlo gradients [2]. The first calculates integrals by drawing differentiable samples:
θ̂ = g(ψ, ξ̂), ξ ∼ p0 , where g(·) is the differentiable function and ξ̂ is a sample from some
fixed distribution p0 . The second technique is to use an importance weighted estimate of the
marginal likelihood [2]. We draw S samples from the DNCP of our variational posterior and
then calculate importance weights ws = p(X, θ̂s )/q(θ̂s |ψ) for each sample θ̂s . The marginal
P
p(X,θ̂s )
likelihood’s gradient estimator is then given as [2]: ∇ψj log p(X|ψj ) ≈ s w̃s ∇ψj log q(
θ̂s |ψj )
PS
where w̃s = ws / i=1 wi is a normalized importance weight. Combining this equation with the
general update in Equation 1 yields the final, black-box update:
φ̃[ψ] =

K
X
1 X
p(X, θ̂s )
k(ψj , ψ)
w̃s ∇ψj log
+ ∇ψj k(ψj , ψ).
K j=1
q(θ̂s |ψj )
s

(2)

Unfortunately, the importance weighted estimate of the marginal likelihood is biased downward [2].
Yet, this is not a significant problem since (1) the bias is strictly downward, guaranteeing we are
optimizing an upper bound on KLD[q(ψ) || p(X|ψ)q(ψ)/p(X)], and (2) the bias never increases
for each additional sample and disappears as S → ∞ [2].
Reduced Objectives. Just as SVGD reduces to MAP estimation when using one particle, Equation 2
also has satisfying behavior when reducing the number of particles (K) and the number of samples
(S). Starting with the former, we see that when K = 1, the kernel terms become constants and the
optimization objective reduces to an importance sampled estimate of the marginal likelihood—the
same objective used in Burda et al. (2016). When K = 1 and S = 1, the objective reduces to
a one-sample estimate of the ELBO. Unfortunately, it is hard to analyze SVGD’s behavior when
K > 1, and characterizing its solutions is an open problem [15].
Kernel Function. For the kernel function in Equation 2, any standard kernel can be used. However,
small changes in some parameters may result in drastic changes in the variational distributions;
for example, changes to a Gaussian’s scale affects the distribution more fundamentally than a
change in its mean. Thus, we use a kernel between probability distributions to naturally account
for the information
R geometry. We use the probability product kernel [11], which has the form:
k(ψj , ψk ; ρ) = θ p(θ|ψj )ρ p(θ|ψk )ρ dθ for two distributions p(θ|ψj ) and p(θ|ψk ) and where ρ is
a hyperparameter. Note the kernel’s similarity to Gershman et al. (2012)’s entropy bound.
Amortized Stein Mixtures. Notice that the SM model, in its particle assumption, does not require a
parametric density for ψ. Therefore, we can leverage amortization [6] as Feng et al. (2017) do for
3

Figure 2: IMDB Review Sentiment Classification. Test
set classification accuracy is reported for Stein (red)
and Gershman et al. (2012) (green and blue) mixtures
of size K. The black line denotes an amortized Stein
mixture that used K = 5 during training but used the
number of components according to the x-axis during
testing. We see that both versions of the Stein mixture
(red and black) out perform the alternative optimization
scheme.

regular SVGD [4]: use a black-box function to generate the particles and update the shared function
instead of the particles themselves. At each optimization step, we sample K particles from a neural
network f (·) with parameters λ by passing in a random seed k : ψ̂k = f (ˆ
k ; λ), k ∼ p0 . The
neural network is then optimized to find fixed-points of the SVGD update: λ∗ = argminλ ||φ̃[ψ̂k ]||22 .
The number of samples K can be kept small at training time, but f (ˆ
k ; λ) can be sampled from
without bound when generating predictions.
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Experiments

We demonstrate the effectiveness of Stein mixtures (SMs) on both small and large scale tasks. For all
gradient updates, we used AdaM [13] with a cross-validated learning rate. For the probability product
kernel, we used ρ = 1 for the sentiment classification task and manually tuned it for the baseball
dataset experiment based on visual inspection of the posterior. We use Normal distributions for the
components of all mixture approximations, performing transformations on bounded variables (such
as logit(x ∈ (0, 1))) when necessary.
Baseball Model. Our first experiment is a small-scale sanity check in which we visualize the SM
posterior in comparison to MCMC samples. We apply a hierarchical binomial regression model
to the Efron-Morris baseball dataset [3], which consists of the number of hits yi eighteen payers
(indexed by i) obtained out of Ni at bats: yi ∼ Binomial(Ni , θi ), θi ∼ Beta(φ · κ, (1 − φ) · κ),
κ ∼ Pareto(1, 1.5), φ ∼ Uniform(0, 1). Figure 1 shows the SM approximation (red contours) plotted
over 2000 MCMC samples (black points) from Stan for an increasing number of components (K).
We see that, as expected, adding components gradually improves the posterior approximation.
Sentiment Classification. We next experimented on a large scale classification task, using the IMDB
sentiment analysis dataset of Maas et al. (2011) [17], which contains 25,000 instances for both train
and test splits. We reduced the vocabulary to the 20,000 most frequent words. We model the sentiment
labels yi ∈ {0, 1} with a Bayesian logistic regression model of the form: yi ∼ Bernoulli(f (βxi )),
βd ∼ Normal(0, 1/τ ), τ ∼ Gamma(1, 0.1). We compare SMs for K ∈ [1, 10] against two mixture
approximations optimized via Gershman et al. (2012)’s ELBO lower bound (one with uniform weights,
one with learned weights). We did not compare against Jaakkola & Jordan’s (1998) bound because
the auxiliary model would have added 80, 000 parameters. We also report results for an amortized
SM using K = 5 during training. Test set accuracy is reported in Figure 2 via ensembling 100
posterior samples. We see that both SMs, amortized (black line) and non- (red line), out perform the
Gershman et al. mixtures for all values of K. Interestingly, even though the SMs use uniform weights,
they have higher accuracy than when the mixture weights are optimized (blue line). Furthermore, we
see that the amortized SM performs better than the un-amortized version for K < 5 (as expected)
and even performs similarly for K > 5 (albeit slightly worse).

5

Conclusions

We propose a variational inference method entitled Stein mixtures (SMs). SMs uniquely offer an
approximation that is both scalable and expressive. Moreover, the mixture can be made dynamic,
having a variable number of components, by incorporating an amortization model. Future work
includes performing more experiments and analysis of the SM SVGD update for finite samples.
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