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Styles of analysis



Worst-case analysis

I Consider each operation X (and its implementation) separately
from each other

I Find a sequence P of previous operations that causes X to be
as slow as possible

I Equivalently, find a possible state S of the data structure that
causes X to be as slow as possible

I Worst case time for operation X
= time for X after sequence P
= time for X on state S



Averaging

Intuitions:
I The whole point of a data structure is to do a sequence of

operations, not just a single thing

I The time for an operation may vary, rather than always being
its worst case

I We usually care only about the total time of the overall
algorithm, not how much time each individual operation took

I So we should average the time per operation over a whole
sequence of operations, while still looking for the worst-case
sequence, the one that makes the average as large as possible



Example of averaging: Binary counter

When you add one to a binary number:
I The least significant bit that has value 0

changes to 1
I All lower-order bits change from 1 to 0

Example:
I 167 = 101001112

I 168 = 101010002
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Example of averaging: Binary counter

Represent a binary number as an array C where C [i ] is the ith bit
in the binary representation of the number (starting from i = 0 for
the ones bit), so the number itself is

∑
i 2

iC [i ].

Initially all cells are zero.

Increment by flipping bits until finding the lowest-order 0 and
flipping it to 1:

def increment():
i = 0
while C[i] == 1:

C[i] = 0
i += 1

C[i] = 1



Averaged analysis of binary counter

Total time over a sequence of n increments = O(# bits flipped)

Cell C [i ] gets flipped bn/2ic times.

So total # flips ≤
blog nc∑
i=0

⌊ n
2i
⌋
≤ 2n − 1 (geometric series).

Average time per increment is O
(
2n − 1

n

)
= O(1).

In comparison, worst case is Θ(log n)
(e.g. when incrementing to the largest power of two ≤ n)



Naive averaging is problematic!

It worked for this simple example, but. . .

I What sequences of operations are the slow ones?

(It’s easier to analyze single operations than to find worst-case
sequences.)

I If you have more than one type of operation in a sequence,
how much of the time is caused by each type of operation?

Amortization is a method for averaging that lets us handle both of
these problems.



Amortized analysis



Potential-function amortization: Overview

Applicable to data structures defined by
I How the data is organized
I Algorithms for performing its operations
I A “potential function” Φ from states to numbers,

used only in the analysis (not by the algorithms)

Intuitively: Φ can be thought of as meaning:
I How far the data structure is from its ideal state
I How much extra time we’ve saved up by doing fast operations

and can spend on a later slow operation without hurting the
average too much



Potential-function amortization: Details

We are given (or choose for ourselves) a “potential function” Φ,
from states to numbers, obeying two properties:

I Φ(X ) ≥ 0 for all states X
I Φ(ι) = 0 for the initial state ι

We choose an arbitrary constant C in units of time (a single C
for all of our analysis, large enough to make the analysis work)

Define the “amortized time” for each operation
to be its actual time plus C

(
Φ(after)− Φ(before)

)
.

Abbreviate this expression: actual time + C∆Φ

Then we do worst-case analysis on individual operations (not
sequences), but using amortized time instead of actual time



Effect of Φ on amortized time

If Φ increases (∆Φ > 0): amortized time > actual time

We are charging more time to this operation than it actually takes,
and saving the extra time to use later)

If Φ decreases (∆Φ < 0): amortized time < actual time

We are spending saved-up time to make this operation look faster



Potential function for the binary counter

Define Φ =
∑

i C [i ], the number of nonzero cells in the counter

Does it have the correct properties for a potential function?

Initial state: all cells are zero, so Φ = 0

Any state: number of nonzero cells is ≥ 0



Amortized analysis of the binary counter

Only one operation: increment
It changes some number k of 1s to 0s, and one more 0 to 1

I Actual time = O(k + 1)

I ∆Φ = 1− k

I Amortized time = actual + C∆Φ = O(k + 1) + C (1− k)

O(something) really means some unknown constant
(in units of time) multiplied by something

We can choose C = the same constant

The k ’s cancel but the 1’s don’t, leaving amortized time O(1)



What does it mean?



Only the final potential counts in the total

For any sequence of operations X1,X2,X3, . . .Xn

with actual time = T = t(X1) + t(X2) + t(X3) + · · ·+ t(Xn)

and potential function values Φ0,Φ1,Φ2,Φ3, . . . ,Φn

Total amortized time:
TΦ = t(X1) + C (Φ1 − Φ0) + t(X2) + C (Φ2 − Φ1) + · · ·

Φ0: defined to be zero!
Most other Φi : added once, subtracted once ⇒ total = zero!

TΦ = T + CΦn

This sort of cancellation of terms is called a “telescoping sum”



So what does it mean?

TΦ = T + CΦn ≥ T (because Φn ≥ 0)

That is, total amortized time is always
greater than or equal to total actual time

So we may use amortized time as a valid upper bound on the
average time per operation over any sequence of operations.

If our analysis says an operation is fast, it is fast

If it says it is slow, maybe slow or maybe analysis is sloppy



Amortized analysis intuition

Φ is like a bank account for time

Most operations increase Φ by a small amount
I Because it’s small, doesn’t hurt amortized time per operation

very much
I Saves up time in the account that you can use later

If you need to do infrequent slow operations, you can pay for them
by taking money out of the account (decreasing Φ)



Amortized analysis is not magic

Different potential functions may lead to different analysis

but...

If one potential function gives small amortized time per operation,
all sequences of operations will be fast in actual time,

or equivalently:

If you can find a sequence of operations whose actual time is slow,
its amortized time will also be slow for all choices of Φ.



Example where amortization doesn’t help

Let’s modify the same binary counter to have both increment (+1)
and decrement (−1) operations

To decrement: Almost the same as increment

Flip bits, starting from the rightmost bit and moving left, until
finding the lowest-order 1 and flipping it to 0

Starting from 0, the sequence of operations
I Repeat 2k − 1 times: increment
I Repeat 2k times: increment then decrement

takes actual time proportional to n log n, where n is the total
number of operations

No amount of amortization can give a smaller time bound
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