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Abstract— Clustering is the problem of finding relations in
a data set in an supervised manner. These relations can be
extracted using the density of a data set, where density of a data
point is defined as the number of data points around it. To find
the number of data points around another point, region queries
are adopted. Region queries are the most expensive construct in
density based algorithm, so it should be optimized to enhance
the performance of density based clustering algorithms specially
on large data sets. Finding the optimum set of region queries
to cover all the data points has been proven to be NP-complete.
This optimum set is called the skeletal points of a data set.
In this paper, we proposed a generic algorithms which fires
region queries at most 6 times the optimum number of region
queries (has 6 as approximation factor). Also, we have extend
this generic algorithm to create a DBSCAN (the most wellknown density based algorithm) derivative, named ADBSCAN.
Presented experimental results show that ADBSCAN has a
better approximation to DBCSAN than the DBRS (the most
well-known randomized density based algorithm) in terms of
performance and quality of clustering, specially for large data
sets.
Keywords: Clustering, Spatial Clustering, Data Mining,
Approximation Algorithms.

I. I NTRODUCTION
Clustering is the problem of finding relations and similarities between data objects of a data set in an unsupervised
manner. In clustering the data objects are partitioned into
some classes with high intera-class similarity and low interclass similarity. There is no universally optimum similarity
function and this makes the clustering problem more difficult
to solve. But, usually the distance function is used as the
similarity measure. The more the distance between two data
point is, the less similar they are.
There are many clustering approaches based on different
techniques and heuristics that we will give a brief survey of,
in the section V.

One of the ideas to find clusters in a data set is to
connect data points based on their distance (as used in other
techniques) and the density of the area around the point. In
other words, data point pi is connected to (is in the same
cluster as) data point pj , iff the distance from pi to pj is
less than a threshold  and at least M inP ts number of
data points are around pi (in a circle with  radius). Region
queries are used to find the density (number of data points)
in the -radius circular area around a data point. Algorithms
using this idea (e.g. DBSCAN [1], OPTICS [2], DBRS
[3] and DENCLUE [4]) are called density based clustering
approaches.
As shown in figure 1, a simple data set can be covered
using either 2 or 3 region queries, and 2 is the optimum
number of region queries needed to cover the whole data set.
So, the major difficulty using the density based approaches is
optimizing the number of region queries to cover the whole
data set.
DBSCAN and OPTICS, that query regions around all the
data points, are slower than DBRS which queries regions
around a random sample of data points.
The optimum set of data points for region queries to find
all clusters is called skeletal points. The formal definition of
skeletal points is given in definition 1.
Definition 1 (Skeletal Points [3]): Given a cluster C, a set
of S ⊆ C is[
a set of skeletal points S for C if and only if
(1) S = {x|
N (x) = C and |N (x)| ≥ M inP ts} and
x∈S

(2) there is no other set of points S 0 ∈ C that satisfies
condition (1) but |S 0 | < |S|.
Where N (x) returns the set of data points in the -radius
circular area around x.
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A. Motivation
Finding the skeletal set has been proven to be NP-complete
[3]. So, some approximation schemes should be adopted to
find them. There are many heuristics proposed for reducing
the number of region queries in the DBSCAN and its
derivatives. For example DBRS uses random sampling on
data points to reduce the number of region queries. But,
none of them has proven deterministic upper bound on the
number of region queries as a function of the size of skeletal
point set. So, the question is how much is the possible
deterministic approximation factor for finding skeletal point
set problem. It would be interesting and useful, if there can
be some proven approximation bound for skeletal set size
optimization problem.
B. Our Contribution
In this paper, we have proven that the DBSCAN does not
have any approximation bound. In other words, DBSCAN
can produce too much more region queries than the optimum
number of region queries (the size of the skeletal set). Also
we have proposed a generic algorithm with an approximation
factor equals to 6. By generic algorithm we mean a set of
different algorithms that some constraints hold for them: We
have proven this approximation factor for any algorithm that
do not fire a region query for any point that is found by region
queries. We have also designed a 6-approximation derivative
for the DBSCAN: ADBSCAN.
II. A PPROXIMATION FACTOR OF THE DBSCAN
As said before, for any data set there is an optimum set of
points that the region around them should be queried to find
the hole clusters. This set is called the set of skeletal points.
DBSCAN is the first and the most well known density based

clustering algorithm and it is important to find how much
region queries fired by DBSCAN compared to an optimum
algorithm. One may say that DBSCAN has no approximation
factor because it fire region queries around all the points
in the data set. Although this argument is true but, this is
not enough for proving it, because there may exist some
upper bound for the size of skeletal set. For example if k ×
|skeletal set| ≥ |data set|, DBSCAN has the approximation
factor of k.
Theorem 1: DBSCAN does not have any approximation
factor.
Proof: (Proof by contradiction) Suppose DBSCAN has
an approximation factor of k. So, for any data set it fires
at most k times the optimum number of the region queries.
Suppose a data point, p, with k + k 0 data points around. As
shown in figure 2, all data points are on the circle centered
at p with radius , and also suppose that k ≥ M inP ts. It is
obvious that the optimum number of region queries is 1.
DBSCAN will fire 1 region query for the center and k +k 0
region queries for the data points around the circle. But all
the data points can be found and clustered by only one region
query. So, the DBSCAN is (k + k 0 + 1)-approximation and
this contradicts with above assumption and the DBSCAN
does not have any constant factor approximation. For nonconstant factor approximation one can just replace k with
F (n) (a function of the size of the data set) and k 0 with
F 0 (n) in the constant contradicting example and suppose that
F = O(F 0 ). It is simple to show that the DBSCAN does
not have any non-constant approximation factor of F (n),
because this contradicts with F 0 (n) region queries in the
example above.
So, the DBSCAN is far from the optimum density based
algorithm. In the next section we will introduce a set of
constant-factor approximation density based algorithms.
III. C ONSTANT-FACTOR A PPROXIMATION D ENSITY
BASED A LGORITHMS
One can simply shows that any algorithm that fires region
query for all the points in the data set does not have any
approximation factor. So, the basic idea for creating an
approximation algorithm is not to query all the points. When
a region query is fired around a point it finds some other data

points. If an algorithm do not fire region queries around the
founded data points, a constant approximation factor can be
proven for it. This kind of algorithms is written down in
algorithm 1.
(Lines 1 - 18) Data points are randomly selected and
regions around them are queried. If the center is not a noise
all the data points in the region are marked as connected to
the center data point, are added to the set KS, and the center
data point, itself, is added to the set Roots.
(Lines 19 - 23) The points in set Roots are now mark
connected to each other based on some algorithm specific
policies.
(Lines 24 - 32) Now Roots and KS contain data points
which some of them are connected. This connectivity scheme
forms a connectivity graph and each connected component
of the graph is marked as a cluster.
Any data set has a set of skeletal data points which cover
all the data points in the data set. The -radius region around
those skeletal data points may have intersection. It is easy
to show that skeletal points with no region intersection are
the worst case for algorithms conformant with algorithm 1,
because when a point is chosen, the region round it is just
overlaps with the region one skeletal point. So, if we find the
approximation factor for just one circle around one skeletal
point we found the approximation factor for the algorithm.
Lemma 1: A circle, c, of radius r can be cover by at most
6 circles, c1 , c2 , ..., c6 of radius r when the two following
condition holds:
−
1) ∀c ∈ {c , c , ..., c } : k→
v (center(c ), center(c))k ≤
i

1

2

6

i

r (The centers of circles c1 to c6 are in the circle c).
2) ∀ci , cj
∈
{c1 , c2 , ..., c6 }
:
−
k→
v (center(ci ), center(cj ))k ≥ r (None of the
centers are in another circle except the c).
Proof: (Proof by contradiction) Suppose that there are
seven circles which conditions 1 and 2 hold for them. Select
a circle randomly and label it as c1 . Move counter clockwise
and label the next circle as c2 and so on. It is important
to note that by next circle we mean the circle center with
on the nearest degree to the center of c. In other words if
]1 ci c cj > ]ci c ck we label them in a way so that k < j.
Also it is clear that ∀ck , cj : ci 6= ck ⇒ ]ci c cj 6= ]ci c ck ,
because if it is not true, the distance between ck and cj will
be less than r and center of ck will be in the circle centered
at cj which contradicts with condition 2.
From now on, by ck we mean the center of a circle not
the circle itself. There is a triangle with vertices on centers
c, ci , and ci+1 as shown in figure 3. From conditions 1 and
2 we know that (1) the distance between centers ci and ci+1
is equal to or more than r, (2) the distance between centers c
and ci is less than or equal to r, and (3) the distance between
centers c and ci+1 is less than or equal to r. So the edge in
front of vertex c is always bigger than or at least equals to
the other edges. So we always have α = ]ci c ci+1 ≥ π3 .
This contradicts our assumption because a circle is just 2π
1 The

] is a symbol used for showing angles between three points

Algorithm 1: Generic constant-factor approximation
density based algorithm
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Input: DS
/* The Data Set */
Output: ClusteredDS
/* The Clustered Data
Set */
KS ← ∅;
Roots ← ∅;
while |DS| =
6 0 do
Select a random data point p from DS;
Rp ← all points with distance less than  from p;
if |Rp | < M inP ts then
Mark p as noise.
end
else
foreach qi ∈ Rp do
Set qi is connected to p;
DS ← DS − qi ;
KS ← KS ∪ qi ;
end
end
DS ← DS − p;
Roots ← Roots ∪ p;
end
foreach pi ∈ Roots do
foreach pj ∈ Roots do
Connect pi to pj if the distance policy holds;
end
end
G ← Form a graph based on the set of Roots ∪ KS in
which data points are vertex and edges are driven from
connectedness;
i ← 0;
foreach c ∈ connected components of G do
foreach xi ∈ c do
Label xi data point as i;
ClusteredDS ← ClusteredDS ∪ xi ;
end
i ← i + 1;
end

radian and we need at least 7 ×
together in our circle c.

π
3

radian to put 7 circles

Now we can simply prove that the algorithm proposed in
algorithm 1 have the constant approximation factor of 6.
Theorem 2: Algorithm 1 has approximation factor of 6,
and its tight.
Proof: Let S be the set of skeletal points. For any
skeletal point p there is a circle around it with radius equals
to . Also we know that for every point q there exists at least
one skeletal point p that the distance between p and q is less
than . Let the set R (p) stands for the set of all points in
the -radius circle around p.
P
Now we define a potential function as ϕ = p∈S ϕp , and
we set each ϕp to 6. So the initial value of ϕ is 6 × |S|. If
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Now we have an abstract approximation algorithm for
density based clustering. Based on this algorithm we proposed a derivative for the DBSCAN which has constant
approximation factor.
A. ADBSCAN: DBSCAN Derivative with Constant Approximation Factor
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To create a derivative from algorithm 1 one should just
change the 21st line and define connectivity policy. As shown
in algorithm 1, this policy is just used for see if the centers
of two region queries (roots) are connected or not. Here we
adopt a simple policy derived from the DBRS algorithm: the
centers of two region queries are connected if these regions
share at list one data point. ADBSCAN is a deterministic
approximation algorithm for DBSCAN. So the 21st line of
the algorithm 1 is changed as follows:
21. Connect pi to pj , if the pi and pj shares at list one
point of data.
And from theorem 2 we know that this algorithm is 6approximation derivative of the DBSCAN. But, this connectivity policy may change the results we could get from the
DBSCAN. To show that this algorithm also works acceptable
in practice compared to the DBSCAN, we present a set of
experimental results in the next section.
IV. E XPERIMENTAL R ESULTS

Fig. 4
T IGHT E XAMPLE FOR 6-C IRCLES

we show that ϕ is always greater than or equal to zero we
have the theorem proven.
If a region query centered at a randomly point r in the
-radius circle around p (r is in the circle around p) is fired,
we reduce ϕp by one unit. As shown in algorithm 1 when a
region query around a point is fired all the points retrieved are
removed and will not fire another region query. So we know
that there are no two region queries, rq1 and rq2 , centered at
r1 and r2 respectively, in which the distance between r1 and
r2 is less than . Because the first region query will remove
the second point and will not allow it to fire the second region
query.
These region queries forms a set of circles which none of
the centers are in another circle. Each center of the region
queries will be reside in at least one skeletal circle (a circle
around skeletal point). For each of the region queries we
reduce the potential function of the related skeletal point.
From Lemma 1, we know that there will be at most 6 region
queries centered inside an skeletal circle p, because there is
not region query that is fired in the region of another query.
So, ϕp will never get negative values. So,
ϕp ≥ 0 ⇒ ϕ ≥ 0
And the theorem is proven. The figure shown in 4 presented
to shown this bound is tight.

To compare the DBSCAN, DBRS, and ADBSCAN in
practice, we ran some experiments using the t4.8k, t7.10k,
and t8.8k data sets selected from the chameleon data sets
available from [5]. We had used Weka 3.5.7 [6] for implementing our algorithm and DBRS, and comparison with the
DBSCAN.
A. Quality of Clustering
It is obvious that quality of DBSCAN clustering is better
or at least equal to the quality of the DBRS and ADBSCAN.
Because DBRS uses random sampling and ADBSCAN uses
approximation schemes based on the DBSCAN. The important question is that: ”Is the quality of the ADBSCAN acceptable in comparison to the quality of DBSCAN clustering?”
To compare DBRS and ADBSCAN with DBSCAN we
propose a measure named cluster approximity. Suppose, we
have one data set, D, and two set of clusters, C and C 0 . C
is a perfect approximation of C 0 if for each cluster in C 0
there exists one and only one cluster in C with same data
points. Cluster approximity is the average ratio of coverage
(or in other words similarity) of clusters in C over clusters
in C 0 . The cluster approximity, A, of C over C 0 is formally
defined as follows:
1 X maxc∈C (|c ∩ c0 |)
(1)
A(C, C 0 ) = 0
|C | 0 0
|c0 |
c ∈C

Using this measure one can compare two clustering algorithm
based on the clusters created. Besides this, we should also
measure the ability to find noises in the data set. For doing
this we compute the noise recall (Eq. 3) and precision (Eq.

4) of the algorithms by using the DBSCAN results as the
test set.
NA = x ∈ D|cluster(x) = N OISE
RecallN oise =

NA ∩ NDBSCAN
NDBSCAN

(2)
(3)

NA ∩ NDBSCAN
(4)
NA
Where A stands for any algorithm and in this paper we will
replace it with DBRS and ADBSCAN.
Results of clustering with DBSCAN, DBRS, and ADBSCAN are shown in figures 5, 6, and 7. As shown in the
figures ADBSCAN forms better clustering than DBRS (even
if we set the probability threshold of missing a cluster in
DBRS to 10−20 ).
To measure how much it is better than DBRS, the quality
of clustering is measured in clustering approximity, noise
recall, and noise precision. These measures are presented in
table I. It is important to note that DBSCAN is assumed as
the reference clustering algorithm in this comparison.
As shown in the table, the clusters found by ADBSCAN
are much more similar to clusters found by DBSCAN. DBRS
has better noise recall in one case, and in other cases they
are almost equal for noise detection (ADBSCAN is a little
better). So, we can conclude that ADBSCAN is a better
approximation to DBSCAN than DBRS in terms of quality
of clustering.
P recisionN oise =

B. Overall Performance
To compare performance of the ADBSCAN with DBRS
and DBSCAN, we have created a synthetic data sets including 8000 to 200000 data points by resampling and adding
noise to the t4.7k data set. We ran each algorithm on each
data set 20 times and put the average time in the chart shown
in figure 8(a). As shown in the figure, DBSCAN is much
slower than ADBSCAN and DBRS, while ADBSCAN and
DBRS perform almost as fast as each other, so that there
is no visible difference between ADBSCAN and DBRS in
small data sets. We have created another chart (shown in
figure 8(b)) to compare them in a better scale.
DBRS is a little (less than 1 second) faster than ADBSCAN for data sets with less than 30000 data points. But,
for data sets with more than 30000 data points, ADBSCAN
works considerably better. One may ask why a random sampling technique is slower than an approximation algorithm?
The answer is, for the generated data sets the number of
optimum region queries are not changed a lot, because we
resample the data and add a litter noise to them. When
the data set size increases, the possibility of missing a
cluster is also increased in DBRS. So, DBRS fires more
and more region queries on large data sets for a constant α
possibility. But, ADBSCAN fires at most 6 region queries for
an optimum region query, and the number of region queries
remain the same.
From these observations and sketches we can conclude that
for dense data sets ADBSCAN is better than the DBRS in

terms of performance. Because, in dense data sets we have:
the optimum number of region queries  size of data set,
and order of DBRS stop condition is a function of data set
size not a function of optimum number of region queries.
V. R ELATED W ORKS
There are many clustering approaches proposed. They can
be categorized into four following categories:
1) Partitional clustering algorithms which try to find
optimum partitioning for the data points in which intera
class similarity is maximum and inter class similarity is
minimum. Most of the partitional clustering algorithms
start with an initial partitioning and then try to improve
the partitioning according to the criteria described
before. The most well known partitioning methods are
k-means [7] and PAM (Partitioning around medoids)
[8]. There are many other methods based on these two
basic methods such as k-prototypes [9] and k-modes
[10]. It was widely believed that the time complexity
of k-means is O(nkt), which n is the number of data,
k is the number of clusters and t is the number of
iterations, because it show very good performance in
practice. But, in [11] it has been
√ proven that the time
complexity of k-means is 2Ω( n) .
2) Hierarchical clustering algorithms which try to cluster the data set in some steps incrementally using
some agglomerative (top-down) or divisive (bottomup) strategies. In an agglomerative clustering approach,
a set of n data points are partitioned into groups in an
steps and these groups are partitioned into new groups
in the next steps on. In a divisive approach, data points
are grouped into some groups in the first step, and
these groups are joined to form new groups in next
steps on. BIRCH [12] and CURE [13] are examples of
hierarchical clustering algorithms.
3) Grid based clustering algorithms try to find clusters in
a grid quantization of the data set, and then repeat the
clustering algorithm on each of the grid cells. Two cells
are in the same cluster if they are neighbor and each
have enough number of data points. STING [14] and
CLIQUE [15] are examples of grid based clustering
algorithms.
4) Density based clustering algorithms try to find clusters
based on the density around data points. Two data
points are supposed to be connected if they are near
enough and the region around them is dense. DBSCAN
[1], OPTICS [2], DBRS [3] and DENCLUE [4] are
examples of density based approach.
In this paper, we focus on density based approaches for
data clustering. The main feature of density based algorithms
is that they can find clusters of any shape. All of these
methods use region queries to find the number of data points
in a circular area. DBSCAN is the most famous density
based algorithm and all other algorithms are based on the
DBSCAN. DBSCAN starts from a random point in the data
set. Fires a region query around the selected data point. If
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Fig. 5
C LUSTERING RESULTS ON T 4.8 K USING ( A ) DBSCAN, ( B ) DBRS, AND ( C ) ADBSCAN
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Fig. 6
C LUSTERING RESULTS ON T 7.10 K USING ( A ) DBSCAN, ( B ) DBRS, AND ( C ) ADBSCAN
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Fig. 7
C LUSTERING RESULTS ON T 8.8 K USING ( A ) DBSCAN, ( B ) DBRS, AND ( C ) ADBSCAN

Data Set
t4.8k (=0.01527, MinPts=6)
t5.10k (=0.0135, MinPts=6)
t8.8k (=0.019, MinPts=8)

Approximity
0.88
0.96
0.88

ADBSCAN
Nosie Recall Noise Precision
1.0
0.81
0.99
0.88
0.55
0.96

Approximity
0.85
0.79
0.71

DBRS
Nosie Recall
1.0
0.99
0.62

Noise Precision
0.77
0.84
0.96

TABLE I
C OMPARISON OF QUALITY OF ADBSCAN AND DBRS CLUSTERING WITH DBSCAN. B ETTER VALUES ARE SHOWN IN BOLD FACE .

there are enough points around the data point it will be
marked as core point and otherwise it will be marked as
noised. For the new data points other region queries are fired
and if they are core points the data round them will be chosen
for further region queries.
Finding the optimum number of region queries to cover
the whole data had been shown to be NP-complete [3]. This
optimum set is named skeletal point for a data set. It is

obvious that such a set is not always unique but always exists.
There are 3 algorithms proposed to reduce the number
of region queries. IDBSCAN[16] and KIDBSCAN[17] use
some heurisitcs for finding a better data point to query first.
The main idea behind them is that if a point, p is region
queried, the best point to be region queried first is the one
furthest to p. DBRS on the other hand use random sampling
to fire region queries. One can tune the DBRS to fire more
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region queries to find more accurate results. DBRS has been
shown to be applicable to real world applications.
The most important problem with these algorithms is that
none of them has a theoretical basis. And as said before, we
have proposed an algorithm that has theoretical basis and can
be used for large scale data.

5000 100000 200000

[2]

[3]

VI. C ONCLUSIONS AND F UTURE W ORKS
In this paper, we have proposed a generic abstract algorithm that has approximation factor of 6, and created DBSCAN derivative based on this generic algorithm. DBSCAN
is better than the proposed algorithm in terms of quality of
clustering but it is not performed. Experimental results show
that ADBSCAN is much more better in terms of cluster
quality, and also better for large and dense data sets than
DBRS. The problem with DBRS is that it fires region queries
until the probability of missing a cluster is below a thershold.
This probability is a function of data set size. So when the
size increases the probability also increases, and the DBRS
needs to fire more and more queries. Our proposed algorithm
has proven bounds in terms of skeletal point size, and the
performance will not degrade as fast as DBRS if the data set
size and density increases.
ADBSCAN is a better alternative than the DBRS to be
used in practice. But, there exist an issue that should be
solved as future works. It is too important to find if there
is any smaller approximation factor for the skeletal point
set problem. If such smallest approximation factor found,
the most performed deterministic linear time density based
clustering algorithm is created.
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