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Geometric Entities

= Points — P = (X,y,2)
= Vectors P
= Two points : v = P-Q
= (XpXor YpYarZp~Zq) = (Vys Vyr V)
=« Magnitude - | v |
= SQrt((Xe-Xq)* + (Yp-Yq) *+ (z-20)?) 47
= Direction Q
sV=|V|V
« ¥ - Unit Vector
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Vector Operations

2u+v_ "1
= U (u,u, u,)andv (v, v, v,) / y
\)

= Addition
= (Utvy, U +v,, U+V,)
= Subtraction

= Scaling
= Direction does not change

= Linear dependency
=V=0Qq,V;+0Q,V, + ...0,V,
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Vector Operations

= Dot Products - scalar

= (U, + UV, + UV,

= Magnitude — Sqgrt(u.u)

= Angle between two vectors, Cos 6 = u.v
julf|v]

Hence zero for orthogonal vectors
[Vye vy V] | Uy
u, = V.u
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Vector Operations

s Cross Product

=N =UXV n
=« Orthogonal of plane of u and v u
= (UyV, — UV, UV, — UV, UV, — UV,)
=SIN0G =| uxy| v
jul]v]

= Hence, zero for parallel vectors
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Lines

= Defined by a point and a vector a1
« L(a) =P + a(Q-P) a=1;
= Parametric equation Q
= L(a) = P + a(Q-P)
=aQ + (1-a)P
=a,Q +a,P
wherea, +a, =1 ¢ a=0

Line is an affine sum of two points
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Convexity

s Affine sum

= Points defined by affine sum lie on the line
between the two points

= Generalized for n points
s« L=a;P;+0a,P,+....0a,P,
wherea; +a,+...a,=1,0<a =<1 (P//?

Lies in the convex hAull of the points ®
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Planes

ee non-collinear points define a plane
= S5(a) =aP + (1-a)Q
= T(B) = BS + (1-B)R = aBP + B(1-a)Q + (1-
PR
= T(B) = P + B(1-a)(Q-P) + (1-B)(R-P)
= Defined by a point and two vectors
= N = (Q-P) x (R-P)
= N is the normal to the plane
«n.(T-P)=0 >
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Homogeneous Coordinates

Note: (2x/y, 2),

(BX/YaB)a and (X/Yal) 0 Q (2X,2Y)
represent the same
1D point P’ Any point on the same
vector has the same
homogeneous
coordinates

1D points on the line is
represented by 2D array,

called homogeneous
coordinates
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Generalize to Higher Dimensions

2D points
represented by
. P (%Y, 7) homogeneous
coordinates

- Similarly, 3D points are
. P 1 ’
(X/ %y/% 1) represented by
homogeneous
coordinates

"X

If (x,y,z,w) is the homogeneous
coordinate of a 3D point, where w % 1,
Y then the 3D point is given by
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:L Homogeneous Coordinates

= 4 array for describing 3D points and vectors
= Points %

2

3

a
a
1

s Vectors = P2-P1 =

(@) (@)
ek
[

N

)

w

o
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Coordinate Systems

epresent a point as a linear combination of
three vectors and the origin

= Linearly independent vectors — basis
« Orthogonal vectors are linearly independent

\%
> w W= Qv + .V, + v, + R
i
; - -
| [, a,a,1] v, | =w
| Ao
:' v
I
' \'% \%
A% ~_ | 1
3 Q, \\\M—’ R3
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= Points %@ as1]

= Vectors B, B, B,0]
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Linear Combination

= Q,V; + AV, + A,V + R

= B1V1 + 62V2 + ﬁgvg
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Generating Coordinate
; Systems

IN=UxV

\'

/:
T

W=NxU
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Change of Coordinates

s First coordinate — vy, v,, V3, R,
= Second coordinate — uy, U,, U;, R,

u, ° -

Q

N
Il
@)

N

=ooQ Q
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Change of Coordinates

s First coordinate — vy, v,, V3, R,
= Second coordinate — uy, U,, U;, R,

vV, Y
a, 2 Vo .
P
Pl
U = Y1Ve T YoV T Y1335
R, Uy = VYo1Vi T YooV T Vo3V
R ' _
1 ViUg = YoV, + YauVa + YauVs
3 R, = Y41V1 T Yq2Vo T Yy3Vg T R,
u,,u

3773
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Change of Coordinates

U = Y1Ve T YoV T Y1335
Uy = VYo Vi T YooV T Vo3V
Ug = Yg,Vy T Y50V T Yg3Vs

R, = Y41V1 T Yq2Vo T Yy3Vg T R,

_111 ) _V1 )  Yu Yoo Yi3 O
u, o v, M = Yor Yoo Yo O
u - v Y31 Y32 Y33 O

3 3
R, R | Ya Yao Vg3 1
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Change of Coordinates

IfR =R,

then y,, =v,,=YV,3,=0

Yii Yio Y13 O
Yo1 Yoo Y23 O

Y31 Y32 Y33 O
O O 0 1
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Change of Coordinates

- T T — T — T — T
P= C2 111 - C2 M V1 - Cl V1
u2 V2 V2
U, Vs Vs
- R2 - — Rl - — Rl -

Hence, C,'=C,'M
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:L Affine Transformations

= Function that maps a point (vector) to
another point (vector)
= g =T(p)
= Linear Transformation
=« T(ap+bq) = aT(p) + bT(q)
« If transformation of vertices are known,

transformation of linear combination of vertices
can be achieved
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Matrix Transformations

s q=1p
=« p and g are points or vectors in 4x1 homogeneous
coordinates

= T is a 4x4 square matrix (16 degrees of freedom)

- a; a,; Ay,

T = Ay, Ay Apg Ayy
Ay Ogp U3z Agy

| Uy Oy Oyg Gy

Aditi Majumder, CS 112 Slide 21



Matrix Transformations

= The last element of p and q is either 0 or 1

= 12 degrees of freedom

= If dealing with vectors
= Last column does not have an effect (9 degrees

of freedom)
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Matrix Transformations

= Can also be seen as
= Transforming vertices in the same coordinates

=« Changing the underlying coordinate to change
the representation of the vertices

o, Ay (113 (114
T = 0y, Ay (123 (124

(131 (132 (133 (134

Q) Q) Q) 1
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Preservation of Lines

s L(a) =a,Q + a,P
= Apply transformation

= T (L(a)) =T(a,Q) + T(a,P)

=a,T(Q) + a,T(P)
= Practical applicaltion of transformations

= Transforming end points of the lines is sufficient
= No need to transform all the points in the line
= Pass vertices through graphics pipeline

= Render the transformed line during rasterization
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Translation

X | X
P = y P’= y, P,:TP
Z Z,
|1 1
— 1 o) o t,
X =X+t . o 1ot
y=y+1 o o 1 t
Z =7+t o o o 1

Denoted by T(t,, t, t,)
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Translation

X | X
P=|Y P = y P=T1p
Z Z,
|1 1
1 0 0 -t
X=X -t
_,_X T1 = O 1 o0 -
y_y, ty O O 1 -t
Zz=17 -1,
O O 0 1

Aditi Majumder, CS 112 Slide 26



4 Example translation

@<
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s. 0O O O
g = O s, 0 O
X =8, X O O s, O
 _ O O o0 1
y = Sy y —
Z =8S,Z
z Denoted by S(s,, s,, s,)

St =S(1/sy, 1/sy, 1/8,)
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Rotation in 2D

X = p COS P | x,y)
y=psino (x,y)
X" = p cos (6 + ) 0

y' = psin (6 + @) P P

X" = p cosB cosPp - p sinB sing = x cosB —y
sinB

y' = p sinB cosg + p cosb singp = xsinB +y
cosB < X R =| cos6 —sinB

’ =R inG 0

y y sin cosd
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X" = x cosB —y sinB
y' = X sinB + y cosb

7' =7

1

O cosO
O sin0

O

O

O
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O O

—sin® o
cosO O

o 1

Rotation in 3D about z axis

P’=RP _

[ cosO —sin® 0 O

R = sinO cos® 0 O

0 0 1 O

0 O O 1
Denoted by R(0)

R* = R(-0) = RT(0)
Where R = R, or R or R,
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:L Shear

= Translation of one coordinate of a point is
proportional to the ‘value’ of the other
coordinate of the same point.

= Point : (X,y)
= After ‘y-shear’: (x+ay,y)
= After ‘x-shear’: (x,y+bx)
= Changes the shape of the object.
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:L Using matrix for Shear

= Example: Z-shear (Z coordinate does not
change)

1 0 a O X X+az X'
0 1 b O] |y]| _ |ythz} _ |y
0 0 1 O Z Z Z'
0 0 0 1|1 1 1
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Coordinate Systems

epresent a point as a linear combination of

three vectors
= Linearly independent vectors — basis
« Orthogonal vectors are linearly independent

\%
2 W —
W=V, + AV, + 0.V,
i
| — —_
| la,a,a,][v, | =w
|,
:' v
I
' \% \%
\% : 1 3
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i 3D Coordinates

= 3 array for describing 3D points
= Points
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