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Abstract

We discuss a class of Bayesian nonparametric priors that can be used
to model local dependence in a sequence of observations. Many popular
Bayesian nonparametric priors can be characterized in terms of exchange-
able species sampling sequences. However, in some applications, common
exchangeability assumptions may not be appropriate. We discuss a gener-
alization of species sampling sequences, where the weights in the predic-
tive probability functions are allowed to depend on a sequence of indepen-
dent (not necessarily identically distributed) latent random variables. More
specifically, we consider conditionally identically distributed (CID) Pitman-
Yor sequences and the Beta-GOS sequences recently introduced by Airoldi
et al. (2014). We show how those processes can be used as a prior dis-
tribution in a hierarchical Bayes modeling framework, and, in particular,
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how the Beta-GOS can provide a reasonable alternative to the use of non-
homogenous Hidden Markov models, further allowing unsupervised cluster-
ing of the observations in an unknown number of states. The usefulness of
the approach in biostatistical applications is discussed and explicitly shown
for the detection of chromosomal aberrations in breast cancer.

1 Introduction
Due to their clustering properties, Bayesian nonparametric methods have
been widely employed for the analysis of various types of data in genet-
ics, e.g. for identifying disease subtypes and isolating discriminating genes,
proteins or samples (see, e.g., Kim et al., 2006; Guindani et al., 2009; Lee
et al., 2013). In order to take into account measurement characteristics (e.g.,
continuos support, long tails, skewness, multimodality or overdispersion of
the frequency distribution), it is often convenient to employ a hierarchical
model specification. At the top level of the hierarchy, observations are as-
sumed to be conditionally independent given some “latent” process, i.e. the
sampling distribution is

yi|θi
ind∼ p(yi|θi) i = 1,2, . . . (1)

where p(·|θi) denotes a probability density function or probability mass
function, dependent on the values of a set of parameters θi. The distribu-
tion of the θi’s is then assumed to follow a process that captures relevant
features of the data. Let p denote the unknown distribution of the model pa-
rameters, and Q be a prior probability measure for p. Then, the hierarchical
model specification can be concisely described as follows,

θ1,θ2, . . . |p∼ p

p∼ Q.
(2)

Model (1)–(2) schematically encompasses both popular Dirichlet Process
mixtures (Lo, 1984) as well as Dependent Dirichlet Process mixtures (MacEach-
ern, 1999). The prior process p can often be represented by means of a
sequence of predictive distributions that typically encode exchangeability
assumptions on the model parameters and the data (see Section 2). In some
applications, however, the usual exchangeability assumptions may be hardly
justified. For example, if θ1,θ2, . . . represent a process in time (space),
then the model should properly account for the dependence relations among
nearby time points (neighboring locations).
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Figure 1: (a) Frequencies of genome copy number gains and losses plotted as a
function of genomic location. (b) Frequency of tumors showing high-level ampli-
fication. The dashed vertical lines separate the 23 chromosomes.

To illustrate the point, in Figure 1 (a) we consider the frequency of
genome copy number abnormalities, as estimated from data obtained in
a classical study of the genetic determinants of breast cancer pathophysi-
ologies (Chin et al., 2006). The raw data measure genome copy number
gains and losses over 145 primary breast tumor samples, across the 23 chro-
mosomes, obtained using BAC array Comparative Genomic Hybridization
(CGH). Regions of relative gains or losses are identified by measuring the
fluorescence ratio of cancer and normal female genomic DNA, labeled with
distinct fluorescent dyes and co-hybridized on a microarray in the presence
of Cot-1 DNA to suppress unspecific hybridization of repeat sequences (see
Redon et al., 2009). The reference DNA is assumed to have two copies of
each chromosome. If the test sample has no copy number aberrations, the
log2 of the intensity ratio is theoretically equal to zero.

Array CGH data are typically very noisy and spatially correlated. More
specifically, copy number gains or losses at a region are often associated
to an increased probability of gains and losses at a neighboring region.
Bayesian models for array CGH data have been recently investigated by
Guha et al. (2008), DeSantis et al. (2009), Baladandayuthapani et al. (2010),
Du et al. (2010), Cardin et al. (2011), and Yau et al. (2011), among oth-
ers. Guha et al. propose a four state homogenous Bayesian HMM to detect
copy number amplifications and deletions and partition tumor DNA into re-
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gions (clones) of relatively stable copy number. DeSantis et al. extend this
approach and propose a supervised Bayesian latent class approach for classi-
fication of the clones, which relies on a heterogenous hidden Markov model
to account for local dependence in the intensity ratios. In a heterogeneous
hidden Markov model, the transition probabilities between states depend on
each single clone or the the distance between adjacent clones (Marioni et al.,
2006). Using a Bayesian nonparametric approach, Du et al. propose a sticky
Hierarchical DP-HMM (Fox et al., 2011; Teh et al., 2006) to infer the num-
ber of states in an HMM, while also imposing state persistence. Yau et al.
(2011) also propose a nonparametric Bayesian HMM, but use instead a DP
mixture to model the likelihood in each state.
In this chapter, we present an alternative approach, which flexibly models the
evolution of the parameters θ1,θ2, . . . by means of a general class of non-
exchangeable species sampling sequences. As it is typical in a Bayesian
nonparametric setting, we allow clustering of the observations, further as-
suming that the number of states is unknown and can be inferred from the
data. Furthermore, in finite HMMs, the distribution of state durations are
necessarily restricted to a geometric form, so that departures from this as-
sumption, e.g. state persistence, must be appropriately accounted for in the
modeling (Yu, 2010; Fox et al., 2011; Johnson and Willsky, 2013). The
species sampling priors, which we discuss in the next Section, model “non-
homogenous” assumptions in the state durations more flexibly, since the
weights in the species sampling rule can adapt to take into account local
dependences in the data.

2 Species Sampling Sequences: Basics and
Extensions
In this Section, we review basic definitions and properties of species sam-
pling (SS) sequences, and also discuss their generalizations to a class of
random sequences that are appealing for modeling non-exchangeable obser-
vations.
More specifically, for defining SS-sequences, we refer to the hierarchical
formulaton (2), and charaterize the sequence of random variables θ1,θ2, . . .
by means of the sequence of predictive probability functions,

P{θn+1 ∈ · |θ1, . . . ,θn}=
n

∑
i=1

qn,iδθi(·)+qn,n+1G0(·), (3)
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where δx(·) denotes a point mass at x, and G0 is a non-atomic probability
measure (base measure, Pitman, 1996). The weights qn,i, i = 1, . . . ,n+ 1,
are non–negative functions of (θ1, . . . ,θn), such that ∑

n+1
i=1 qn,i = 1, and de-

fine the probability that the sampled value of θn+1 coincides with one of the
previous values in the sequence or is a new draw from the base measure.
In (3), it is implicitly assumed that θ1 ∼ G0. If qn,n+1 < 1, there’s a posi-
tive probability of ties among the θi’s, that is some of the θi’s will share a
common value. We can collect the unique values in a vector (θ ∗1 , . . .θ

∗
Kn
),

where Kn indicates the (random) number of distinct values in the subse-
quence θ(n) = (θ1, . . . ,θn). Alternatively, we can say that (3) implicitly
defines a random partition Π(n) = {Π(n)

1 , . . . ,Π
(n)
Kn
} of the set {1, . . . ,n} into

Kn blocks, where i ∈Π
(n)
j if and only if θi = θ ∗j .

If the probability of a tie, P(θn+1 = θ ∗j |θ(n)), depends only on the cardinal-

ity of each block, i.e. the frequency n jn = |Π(n)
j | of each value θ ∗j in θ(n),

j = 1, . . . ,Kn, then the sequence θ1,θ2, . . . is exchangeable. The result char-
acterizes all exchangeable SS-sequencies (see Fortini et al., 2000; Hansen
and Pitman, 2000; Lee et al., 2008, for more details). The most notable
example of exchangeable SS-sequences is the Blackwell MacQueen sam-
pling rule, which defines a Dirichlet Process (see Blackwell and MacQueen,
1973; Ishwaran and Zarepour, 2003). Let p be a DP with mass parameter γ

and base measure G0(·), denoted as p ∼ DP(γ,G0). Then, the correspond-
ing sequence of predictive probability function is the well-known Blackwell
MacQueen sampling rule, which sets qn,i =

1
n+γ

and qn,n+1 =
γ

n+γ
in (3).

The dependence of the weights only on the sequence θ(n) may be seen
as a limiting feature in some applications, e.g. whenever one could con-
template that additional covariate information might affect the clustering of
the observations. For example, Park and Dunson (2010) propose a gen-
eralized product partition model (GPPM) in which the clustering process
is predictor-dependent. Their GPPM relax the exchangeability assumption
through the incorporation of predictors, implicitly defining a generalized
Pólya urn scheme. Similarly, Müller and Quintana (2010) define a prod-
uct partition model that includes a regression on covariates, which allows
units with similar covariates to have greater probability of being clustered
together.

Here, we consider a generalization of the predictive rule (3), where the
weights are allowed to depend on a sequence of independent (not necessarily
identically distributed) latent random variables W1,W2, . . . More specifically,
we consider a sequence (θn)n≥1 characterized by the following predictive
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distributions,

P{θn+1 ∈ · |θ(n),W (n)}=
n

∑
i=1

pn,iδθi(·)+ rnG0(·), (4)

where W (n) = (W1, . . . ,Wn) and the weights pn,i are strictly positive func-
tions of the partitions Π(n) and the random variables W (n), i.e. pn,i =
pn,i(Π

(n),W (n))> 0, with ∑
n
i=1 pn,i < 1 and rn := 1−∑

n
i=1 pn,i.

The specific choice of the weights pn,i’s determines the clustering be-
havior of the sequence (θn)n. In this chapter, we focus on the general
class of conditionally identically distributed (CID) sequences (Berti et al.,
2004). This class generalizes the notion of exchangeable sequences, while
still preserving some of their important characteristics. Formally, a sequence
(θn)n≥1 is CID with respect to a filtration G = (Gn)n≥0, whenever for each
n ≥ 0 all the random variables θn+i, with i ≥ 1, are identically distributed
conditionally on Gn. In the definition it is assumed that G contains the nat-
ural filtration of (θi)i≥1. It is clear that every exchangeable sequence is a
CID sequence with respect to its natural filtration, but a CID sequence does
not necessarily need to be exchangeable nor stationary. Indeed, if a CID
sequence is stationary then it is also exchangeable. A remarkable property
of CID sequences is that the θi’s are marginally identically distributed. No
representation theorem is known for CID sequences. However, it can be
shown that given any bounded and measurable function f , the predictive
mean E[ f (θn+1)|θ1, ...,θn] and the empirical mean 1

n ∑
n
i=1 f (θi) converge to

the same limit as n goes to infinity. For details, we refer to Berti et al.
(2004). Finally, if the sequence of observations (Y1,Y2, . . .) follows the hi-
erarchical model (1) and the latent process (θ1,θ2, . . .) is a CID sequence,
then it can be shown that the sequence of observations Yi’s also forms a CID
sequence. This result has been proved in Airoldi et al. (2014) specifically for
the Beta-GOS prior (see below); however, the proof can be easily extended
to a general CID sequence.
Two interesting types of CID sampling sequences are the following:

a) CID Pitman-Yor sequences. A Pitman-Yor process (Pitman, 2006),
is an exchangeable sequence characterized by the following predictive
probability functions,

P{θn+1 ∈ · |θ1, . . . ,θn}= ∑
Kn
j=1

n jn−α

γ +n
δθ ∗j

(·)+ γ +αKn

γ +n
G0(·), (5)

for γ > 0 and α ∈ [0,1], as a function of the partition Π(n)= {Π(n)
1 , . . . ,Π

(n)
Kn
}

of the set {1, . . . ,n} into Kn blocks. When α = 0, the sequence (5) de-
fines a Dirichlet Process, DP(θ ,G0). There exists a generalization

6



of the classical Pitman-Yor process (5) as a CID sequence. More
specifically, the CID generalization assumes that the weights in (4)
are functions of a sequence of random variables W (n), with weights
pn,i(Π

(n),W (n)) = (Wi−α/nkin)/(γ +∑
n
j=1Wj) and rn(Π

(n),W (n)) =
(γ + αKn)/(γ + ∑

n
j=1Wj) where nkin denotes the cardinality of the

block in Π(n) that contains observation i. Then,

P{θn+1 ∈ · |θ(n),W (n)}=
Kn

∑
j=1

(
∑i∈Π

(n)
j

Wi

)
−α

γ +∑
n
i=1Wi

δθ ∗j
(·)+ γ +αKn

γ +∑
n
i=1Wi

G0(·),

(6)
which reduces to (5) if Wn = 1. Similarly to the Chinese Restaurant
Process (CRP) representation of the Dirichlet Process, equation (6) has
an intuitive illustration in terms of the seating allocation at a restau-
rant. In this representation, each customer enters the restaurant with a
distinctive “mark” (the random variables Wi’s). When customers enter
the restaurant, they have the possibility to start a new table (with prob-
ability dependent on the parameter γ) or join a table already occupied
by other customers. In the CID version, the “attractiveness” of a table
depends on ∑i∈Π

(n)
j

Wi in (6), i.e. the sum of the individual marks for

each customer already seating at the table. In other words, the process
takes into account possible additional variability in the ”seating plan”
due to individual random effects.
In terms of clustering, the asymptotic behavior of the CID version of
the DP, obtained by setting α = 0 in (6), is similar to that of the classi-
cal DP: if the Wi’s are i.i.d. with finite variance and mean E[Wi] = m,
then Kn/ log(n) converges almost surely to γ/m (see Bassetti et al.,
2010, Example 5.8). The situation is less simple for the case in which
α 6= 0.

b) Beta-GOS sequences. An alternative specification of (4) considers
weights obtained as a product of independent Beta random variables.
More specifically, Airoldi et al. (2014) assume that the random vari-
ables (Wi)i≥1 are draws from independent Beta(αi,βi) distributions,
and then set pn,i = (1−Wi)∏

n
j=i+1Wj and rn =∏

n
j=1Wj in (4). The re-

sulting sequence (θ1,θ2, . . .) defines the so-called Beta-GOS sequence,
a particular case of a Generalized Ottawa Sequence (GOS) in the class
of CID sequences (see, for details, Bassetti et al., 2010). The choice of
Beta latent variables allows for a flexible specification of the species
sampling weights, while it still retains simplicity and interpretability
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of the sequence allocation scheme. As a matter of fact, this alloca-
tion rule can also be described in terms of a preferential attachment
scheme, similarly to the CID Pitman-Yor sequences. Also in this
scheme, each customer, θi, is characterized by a random weight (or
“mark”), 1−Wi, and can join the table where any of the previous cus-
tomer is sitting by means of a “geometric-type” assignment scheme.
More precisely, suppose we have customers θ1, . . . ,θn together with
their marks up to time n, (1−W1, . . . ,1−Wn). Then, the (n+ 1)-th
individual will be assigned to the same table as the previous customer,
θn, with probability 1−Wn; the probability of pairing θn+1 to θn−1
will be Wn(1−Wn−1), and so forth. In general, in this representation,
Wi will represent a “repulsion” score associated to customer i. Thus,
each weight pn,i will be represented by the product of the Wj’s asso-
ciated to the latest n− j subjects and the “mark” or “attractiveness”
score of customer i, 1−Wi. Summarizing, customer θn+1 will occupy
a new table (i.e., θn+1 ∼ G0) with probability rn, or instead they will
join one of the previously occupied tables, say table j, with probabil-
ity ∑i:θi=θ ∗j

pn,i. Of course, the seating assignment and the clustering
behavior of the sequence is determined by the specification of the pa-
rameters αi and βi in the distribution of the Wi’s. We briefly discuss
the issue in the next Section, where we review some asymptotic results
and their interpretation in terms of clustering of the sequence, for a set
of parameter specifications.

In the next Sections, we will focus specifically on the use of the Beta-
GOS sequences for modeling latent dependence in Bayesian hierarchical
models and we will discuss their application to the detection of chromoso-
mal aberrations in array CGH data.

3 A Beta-GOS Hierarchical Model
In this Section, we focus on the Beta-GOS sequences and discuss how they
can be used to define a prior in a hierarchical model (for a broader discus-
sion, see Airoldi et al., 2014). Although the discussion pertains specifically
to the Beta-GOS process, the basic modeling idea naturally extends to the
CID Pitman-Yor sequences and the general CID sequences. We then discuss
the prior specification of the parameters of the Beta random variables in the
Beta-GOS. Finally, we briefly present the MCMC sampling algorithm for
conducting posterior inference with this type of models.
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Similarly to the hierarchical Bayesian specification in (1)-(2), we can
assume that at the highest level of the hierarchy the sampling distribution is
specified as

Yi|θi
ind.∼ f (yi|θi), i = 1, . . . ,n, (7)

where the vector (θ1, . . . ,θn)
T is a realization of a Beta-GOS process charac-

terized by auxiliary random variables Wi ∼ Be(αi,βi), i = 1, . . . ,n, and base
measure G0. We can succinctly denote the Beta-GOS prior as

θ1, . . . ,θm ∼ Beta-GOS(αααn,βββ n,G0), (8)

where αααn = (α1, . . .αn) and βββ n = (β1, . . . ,βn). As discussed in Section 2,
the Beta-GOS is a particular case of a CID sequence. Hence, in particular,
marginally θi ∼ G0, i = 1, . . . ,n. Therefore, the base G0 can be regarded as
a centering distribution, as it is typical in DP mixture models: G0 represents
a vague parametric prior assumption on the distribution of the parameters of
interest. The hierarchical model may be extended by putting hyper-priors
on the remaining parameters of the model, including the hyper-parameters
of the base measure G0 as well as the vectors αααn and βββ n.

The parameters of the Beta random variables control the asymptotic be-
havior of the sequence, and the clustering properties of the prior. For exam-
ple, if we set αi = i+γ−1,βi = 1, for given γ > 0, then Kn/ log(n) converges
in distribution to a Gamma(γ,1) random variable. As a comparison, for a
DP(γ,G0), it is well-known that Kn/ log(n) converges almost surely to γ . If
we set αi = a,βi = b, for some a,b > 0, then Kn converges almost surely to a
finite random variable. This result naturally implies that the resulting parti-
tion is characterized by a few big clusters, as n increases. We refer to Airoldi
et al. (2014) for further details and proofs. In addition, the parameters αi and
βi implicitly model the autocorrelation expected a priori in the dynamics of
the sequence. The probability of a tie may decrease with n and atoms that
have been observed at farthest times may have a greater probability to be
selected if they have also been observed more recently. More specifically,
setting αi = γ−1+ j (γ > 0) and βi = 1 implies that E[rn] = γ/(γ +n) and
E[pn,i] = 1/(γ +n), i = 1, . . . ,n. This specification can be seen as a feature
of a process with a long memory, since all the previous observations have
the same weight on average. For αi = a,βi = b, E[rn] = (a/(a+b))n and
E[pn,i] = (a/(a+b))n−i(b/(a+b)). Hence, the probabilities of ties d de-
crease exponentially as a function of the lag n− i, describing a short memory
process. In practice, the determination of the parameters of the Beta distri-
butions is not trivial, and may be problem dependent, especially given the
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sensitivity of the clustering behavior to the values of αi and βi. As a gen-
eral rule, following what it is usually done with Dirichlet processes priors,
we suggest to elicit the parameters on the basis of the expected number of
clusters a priori, i.e. E(Kn) = 1+∑

n−1
j=1 E[r j]. For example, one could set

αi = a and βi = b to represent a short memory process, and the values of
a,b can be chosen based on the asymptotic relationship E(Kn) ≈ a+b

b . We
further suggest to choose b = 1, or anyway b < a, to encourage a priori low
autocorrelation of the sequence, since then E(pn,n) < 0.5. As a matter of
fact, in Section 5 we will follow the previous guidelines in the application
to the detection of chromosomal aberrations, since biological considerations
lead to expect the true number of states to be around 4. On the other hand,
the single-parameter specification α j = j+ γ − 1, β j = 1 should be the de-
fault choice in those applications where prior information on the expected
number of clusters is more vague, and the choice of the parameter γ should
be based on E(Kn) = ∑

n−1
j=0

γ

γ+ j ∼ γ log(n), for large n.

3.1 MCMC Posterior Sampling
Posterior inference for the model (7)-(8) entails learning about the cluster-
ing and corresponding estimates of the parameters θi. In this Section, we
describe a Gibbs sampler scheme. The basic idea is to describe the parti-
tion Π(n) by introducing a sequence of labels Ci, i = 1, . . . ,n which record
the pairing of observation i with one of the previous observations, j < i.
Hence, here the label Ci is not a simple indicator of the cluster member-
ship, as it is typical in most MCMC algorithms devised for the Dirichlet
process, although cluster membership can be easily retrieved by analyzing
the sequence of pairings. In what follows, Ci will be sometimes referred to
as the i-th pairing label. In particular, if the i-th observation is not paired
to any of the preceding ones, we set Ci = i. Then, θi is a draw from the
base distribution G0, and thus it generates a new cluster. This slightly dif-
ferent representation of data points in terms of data-pairing labels, instead
of cluster-assignment labels, turns useful to develop an MCMC sampling
scheme for non-exchangeable processes, as described in Blei and Frazier
(2011) and Airoldi et al. (2014). It is easy to see that the pairing sequence
(Cn)n≥1 assigns C1 = 1 and has full conditional distribution

P{Cn = i|C1, . . . ,Cn−1,W}= P{Cn = i|W1, . . . ,Wn−1}
= rn−1I{i = n}+ pn−1,iI{i 6= n},

(9)

for i = 1, . . . ,n, where I(·) denotes the indicator function, such that, given a
set A, I(A) = 1 if A is true and 0 otherwise. The clustering configuration is
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a by-product of the representation in terms of data-pairing labels. If two ob-
servations are connected by a sequence of interim pairings, then they are in
the same cluster. Given C(n) = (C1, . . . ,Cn), then we denote by Π(C(n)) the
partition generated by the pairings C(n), i.e. Π(n). For any n and any i≤ n,
let C−i = (C1, . . . ,Ci−1,Ci+1, . . . ,Cn); analogously, let W (n) = (W1, . . . ,Wn),
and W−i = (W1, . . . ,Wi−1,Wi+1, . . . ,Wn). Then, the full conditional for the
pairing indicators Ci’s is

P{Ci = j|C−i,Y (n),W (n)} ∝ P{Ci = j,Y (n)|C−i,W (n)}
= P{Y (n)|Ci = j,C−i,W (n)}P{Ci = j|C−i,W (n)}.

(10)

The second term in (10) is the prior predictive rule (9), whereas

P{Y (n)|Ci = j,C−i,W (n)}=
|Π(C−i, j)|

∏
k=1

∫
∏

l∈Π(C−i, j)k

f (Yl|θ ∗j )G0(dθ
∗
j ),

where Π(C−i, j) denotes the partition generated by (C1, . . . ,Ci−1, j,Ci+1, . . . ,Cn).
If G0 and f (y|θ) are conjugate, the latter integral has a closed form so-
lution. The non-conjugate case could be handled by appropriately adapt-
ing the algorithms of MacEachern and Müller (1998) and Neal (2000). As
far as the full conditional for the latent variables Wi’s, we can show that
Wi|C(n),W−i,Y (n) ∼ Beta(Ai,Bi), where Ai = αi +∑

n
j=i+1 I{C j < i or C j =

j}, and Bi = βi+∑
n
j=i+1 I{C j = i}; hence, they depend only on the clustering

configurations and not on the values of W−i.
Then, let’s consider the set of cluster centroids θ ∗i ’s. The algorithm

above allows faster mixing of the chain by integrating over the distribution
of the θ ∗i . However, in case inference on the vector (θ1, . . . ,θm) is of interest,
it is possible to sample the unique cluster values at each iteration, as

θ
∗
j |C(n),W (n),Y (n) ∝ ∏

i∈Π j(n)
p(Yi|θ ∗j )G0(dθ

∗
j ), (11)

where Π j(n) denotes the partition set of those observations with θi = θ ∗j ,
i = 1, . . . ,n. Again, if f (y|θ) and G0 are conjugate, the full conditional
of θ ∗j is available in closed form, otherwise we can update θ ∗j by standard
Metropolis Hastings algorithms (Neal, 2000).

Finally, we note that if π(αααn,βββ n) is a prior distribution for the Beta
hyper-parameters αααn and βββ n, one could implement a Metropolis Hasting
scheme to learn about their posterior distribution, since

αααn,βββ n|C(n),Y (n) ∝ π(αααn,βββ n)
n

∏
i=1

B(Ai,Bi)

B(αi,βi)
, (12)
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Figure 2: Illustrative segmentation-type plots for the simulation study in Section 4.
Right column: subset of data for two replicates. Center column top: an example of
allocation for a Beta-GOS(αi = 1,βi = 1) plotted vs the truth (black line); bottom
considers a Beta-GOS(αi = i,βi = 1). Left column illustrates the fitting by a
HMM with 4 states.

where Ai and Bi are defined as above and B(x,y) = Γ(x)Γ(y)/Γ(x+ y) de-
notes the Beta function. Equation (12) is an adaptation of well known results
for the Dirichlet Process (Escobar and West, 1995).

4 A Comparison with Hidden Semi-Markov
Models
In many problems (e.g. change point detection), hidden Markov Models are
used as computationally convenient substitutes for temporal processes that
are known to be more complex than what could be implied by first order
Markovian dynamics. Here, we generate non-exchangeable sequences from
a hidden semi-Markov process (HSMM; Ferguson, 1980; Yu, 2010) and
study how the Beta-GOS process performs in fitting this type of data. Hid-
den semi-Markov processes are an extension of the popular hidden Markov
model where the time spent in each state (state occupancy or sojourn time)
is given by an explicit (discrete) distribution. A geometric state occupancy
distribution characterizes ordinary hidden Markov models. Therefore, hid-
den semi-Markov process have also been referred to as “hidden Markov

12



Models with explicit duration” (Mitchell et al., 1995; Dewar et al., 2012)
or “variable-duration hidden Markov Models” (Rabiner, 1989).

We generate 1,000 datasets (1000 observations each) using a hidden
semi-Markov process with four states and a negative binomial distribution
for the state occupancy distribution. More specifically, we parametrize the
negative binomial in terms of its mean and an ancillary parameter, which is
directly related to the amount of overdispersion of the distribution (Hilbe,
2011; Airoldi et al., 2006). If the data are not overdispersed, the Nega-
tive Binomial reduces to the Poisson, and the ancillary parameter is zero.
For the simulations presented here, we consider a NegBin(15,0.15), which
corresponds to assuming a large overdispersion (17.25). We also consider
τ = 0.5 for the noise. We fit the data by means of a Beta-GOS model with
Beta hyper-parameters defined by: a) αi = i,βi = 1; b) αi = 5,βi = 1; c)
αi = 1,βi = 1, i = 1, . . . ,n. Those choices correspond to assuming different
clustering behaviors; in particular, different expected number of clusters a
priori. We then compare the Beta-GOS with the fit resulting from hidden
Markov models, assuming 3, 4 and 5 states, respectively. Results from the
simulations are reported in Table 4, where the HMM was implemented us-
ing the R package “RHmm” (Taramasco and Bauer, 2012). Table 4 shows
that the Beta-GOS is a viable alternative to HMM, as it can provide more
accurate inference than a single hidden Markov model where the number of
states is fixed a priori. The fit obtained with the Beta-GOS appears quite
robust to the different choices of the hyper-parameters. Figure 2 illustrates
the clustering induced by the Beta-GOS and a 4-state HMM for a subset of
the data generated in two specific simulation replicates. The middle column
illustrates the allocation, respectively, from a Beta-GOS(αi = 1,βi = 1) (top)
and a Beta-GOS(αi = i,βi = 1) (bottom), whereas column (c) illustrates the
clustering attained by the HMM. Overall, the segmentation-plots suggest
similarity in the allocations induced by the Beta-GOS and the HMM. In
some instances, the Beta-GOS fit seems to allow shorter stretches of con-
tiguous identical states, as illustrated in the top row of Figure 2. On the
other hand, when data are characterized by elevated intra-claster variabil-
ity, as in the bottom row of Figure 2, both the Beta-GOS and the HMM
could fail to attain a fair representation of the true clustering structure of
the data. Our practical experience suggests that the issue is more promi-
nent for the “default” Beta-GOS(αi = i,βi = 1) than for the “informative”
Beta-GOS(αi = a,βi = b) formulations. This is in accordance with the dis-
cussion in Section 3 and, in particular, with the consideration that a Beta-
GOS(αi = i,βi = 1) should represent a long memory process.
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i) Data Generating Process: Hidden Semi Markov Model (HSMM) with 4 states and NegBin(15,0.15)
Model Fitting Method Beta-GOS HMM

αn = n; βn = 1 αn = 5; βn = 1 αn = 1;βn = 1 3 States 4 States 5 States
Estimated Number of Clusters 3.69±0.81 3.89±0.96 4.06±0.97 2.99±0.12 3.96±0.25 4.90±0.48
Accuracy of Cluster Assignment 0.86±0.14 0.90±0.12 0.90±0.12 0.71±0.11 0.83±0.12 0.88±0.13

Figure 3: Summary statistics for the simulation studies described in Section 4.
The table compares the Beta-GOS and a hidden Markov model under different
specifications of hyper-parameters. The data generating process assumes a hidden
semi-Markov with state occupancy distribution NegBin(15,0.15) and two levels
of the sampling noise τ = 0.25 and τ = 0.5.

5 Application to the Analysis of Array CGH
Data
We apply the Beta-GOS model (7)–(8) to the analysis of the array CGH data
from Chin et al. (2006) wich we presented in Section 1. More specifically,
we consider the raw log2 intensity ratio measurements and seek to iden-
tify and cluster clones with similar levels of amplification/deletion for each
breast tumor sample and each chromosome in the dataset. For array CGH
data, it is typical to distinguish regions with a normal amount of chromo-
somal material, from regions with single copy loss (deletion), single copy
gain and amplifications (multiple copy gains). Therefore, we present here
the results of the analysis where the latent Beta hyper-parameters are set to
αi = 3 and βi = 1, corresponding to E(Kn) = 4 states for large n. We have
also considered αn = n and βn = 1, with no remarkable differences in the
results. We complete the specification of model (7)–(8) with a vague base
distribution, Normal(0,10), and a vague inverse gamma distribution for τ

centered around τ = 0.1. This choice of τ is motivated by the typical scale
of array CGH data and is in accordance with similar choices in the literature
(see, for example Guha et al., 2008).

Figure 4 exemplifies the fit to chromosome 8 on two tumor samples. The
model is able to identify regions of reduced copy number variation and high
amplification. Note how contiguous clones tend to be clustered together, in
a pattern typical of these chromosomal aberrations. Figure 1 shows the fre-
quencies of genome copy number gains and losses among all 145 samples
plotted as a function of genome location. In order to identify a copy number
aberration for this plot, for each chromosome and sample, at each iteration
we consider the cluster with lowest absolute mean and order the other clus-
ters accordingly. The lowest absolute mean is chosen to identify the copy
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Figure 4: Model fit overview: Array CGH gains and losses on chromosome 8 for
two samples of breast tumors in the dataset in (Chin et al., 2006). Points with
different shapes denote different clusters.

neutral state. Following Guha et al. (2008) any other cluster is identified as
a copy number gain or loss if its mean, say µ̂( j), is farther than a specified
threshold from the minimum absolute mean, say µ̂(1), i.e. if µ̂( j)− µ̂(1) > ε .
We experimented with choices of ε in the range [0.05,0.15], but we report
here only the results for ε = 0.1. Furthermore, if the mean of a cluster is
above the mean of all declared gains plus two standard deviations, all genes
in that cluster are considered high level amplifications. We identify a clone
with an aberration (or high level amplification) if it is such in more than 70%
of the MCMC iterations; then, we compute the frequency of aberrations and
high level amplifications among all 145 samples, which are the values re-
ported, respectively, at the top and bottom of Figure 1. As expected, the
clusters identified by the model tend to be localized in space all over the
genome. This feature may be facilitated by the increasingly low reinforce-
ment of far away clones embedded in the Beta-GOS, and corresponds to
the understanding that clones that live at adjacent locations on a chromo-
some can be either amplified or deleted together due to the recombination
process.

Finally, we considered some regions of chromosomes 8, 11, 17, and 20
that have been identified by Chin et al. (2006) and have been shown to cor-
relate to increased gene expression in their analysis. We adapt the procedure
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Table 1: False discovery rate analysis for clones with high-level amplification
previously identified by Chin et al. (2006). The individual amplicons are reported
together with the locations of the flanking clones on the array platform.

Amplicon Flanking clone Flanking clone Kb Kb FDR
(left) (right) start end q-value

8p11-12 RP11-258M15 RP11-73M19 33579 43001 0.021
8q24 RP11-65D17 RP11-94M13 127186 132829 0.021
11q13-14 CTD-2080I19 RP11-256P19 68482 71659 0.022
11q13-14 RP11-102M18 RP11-215H8 73337 78686 0.024
12q13-14 BAL12B2624 RP11-92P22 67191 74053 0.011
17q11-12 RP11-58O8 RP11-87N6 34027 38681 0.017
17q21-24 RP11-234J24 RP11-84E24 45775 70598 0.017
20q13 RMC20B4135 RP11-278I13 51669 53455 0.021
20q13 GS-32I19 RP11-94A18 55630 59444 0.017

described in Newton et al. (2004) to compute a region-based measure of
the false discovery rate (FDR) and determine the q-values for the neutral-
state and aberration regions estimated from our model. The q-value is the
FDR analogue of the p-value, as it measures the minimum FDR threshold at
which we may determine that a region corresponds to significant copy num-
ber gains or losses (Storey, 2003, 2007). More specifically, after conducting
a clone based test as described in the previous paragraph, we identify regions
of interest by taking into account the strings of consecutive calls. These re-
gions then constitute the units of the subsequent cluster based FDR analysis.
Alternatively, the regions of interest could be pre-specified on the basis of
the information available in the literature. The optimality of the type of pro-
cedures here described for cluster based FDR is discussed in Sun et al., 2015.
See also Heller et al., 2006, Müller et al., 2007 and Ji et al., 2008). In Table
1 we report the q-values from a set of candidate oncogenes in well-known
regions of recurrent amplification (notably, 8p12, 8q24, 11q13-14, 12q13-
14, 17q21-24, and 20q13). Our findings also lead to detect chromosomal
aberrations in the same locations reported by Chin et al. (2006).

6 Final Remarks
We have discussed a set of generalizations of the predictive rules that chara-
terize the species sampling mechanism underlying many commonly used
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Bayesian Nonparametric priors, such as the Dirichlet process and the Pitman
Yor process. Those generalizations allow the clustering of the observations
in the sequence to depend on latent random variables or “marks”, which are
associated to each observation. Although the resulting sequence is in gen-
eral not exchangeable, the framework provides a flexible way to model latent
and local dependence in the observations.

We illustrated this feature in an application to a study of chromosomal
aberrations in breast cancer. Although it’s known that copy number gains
and losses are spatially correlated, the extent of such correlation varies along
the genome. Homogeneous Hidden Markov models have been widely em-
ployed to model copy number data (Guha et al., 2008), but it’s been rec-
ognized that such models may not completely capture local dependence in
the intensity ratios, which results in location-dependent transition probabil-
ities and corresponding locally varying state persistence properties of the
aberrations (DeSantis et al., 2009; Du et al., 2010; Fox et al., 2011). By
considering species sampling sequences where the weights are modeled as
functions of latent Beta random variables, we have defined a Beta-GOS pro-
cess prior that provides an alternative Bayesian nonparametric formalism to
model heterogeneity and local spatial dependence across observations that
are sequentially ordered. In particular, since the Beta-GOS model does not
rely on the estimation of a single transition matrix across time points, as in
a homogenous HMM, we do not need to consider an explicit parameter to
account for state persistence, as in Fox et al. (2011), or assume a distribution
for the sojourn times, as assumed in Hidden Semi-Markov models. Indeed,
since the predictive weights depend on the sequence of observations itself,
the use of such prior appears to be particularly convenient when the under-
lying generative process is non-stationary, e.g. as a possible alternative to
more complicated non-homogeneous HMMs. In addition, our modeling ap-
proach enables unsupervised clustering of the observations in an unknown
number of states, as it is typical of Bayesian nonparametric priors.

The previous considerations remain valid also for the CID Pitman-Yor
sequences we presented in Section 2 and can be extended to other types of
conditionally identically distributed sequences characterized by the predic-
tive rule (4). We believe that the flexibility of the latent specification and the
possibility to tie the clustering implied by the Generalized Pólya Urn scheme
directly to a set of latent random variables provides an opportunity to flexi-
bly model the complex relationships typical of many heterogenous datasets
encountered in biostatistics. For example, the approach may be helpful for
modeling individual random effects in longitudinal studies. In functional
data analysis, these priors could be used to detect change points in a curve.
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Further developments may substitute the latent variable specification with
a probit/logistic specification, and define a generalized Pólya Urn scheme
that allows the clustering at each observation to be dependent on a set of
individual covariates, possibly varying with time.

References
Airoldi, E., T. Costa, F. Bassetti, F. Leisen, and M. Guindani (2014). Gener-

alized Species Sampling Priors With Latent Beta Reinforcements. Jour-
nal of the American Statistical Association 109, 1466–1480.

Airoldi, E. M., A. Anderson, S. Fienberg, and K. Skinner (2006). Who wrote
Ronald Reagan’s radio addresses? Bayesian Anal. 1, 289–320.

Baladandayuthapani, V., Y. Ji, R. Talluri, L. E. Nieto-Barajas, and J. S. Mor-
ris (2010). Bayesian random segmentation models to identify shared copy
number aberrations for array cgh data. Journal of the American Statistical
Association 105(492), 1358–1375.

Bassetti, F., I. Crimaldi, and F. Leisen (2010). Conditionally identically
distributed species sampling sequences. Adv. in Appl. Probab 42, 433–
459.

Berti, P., L. Pratelli, and R. P. (2004). Limit Theorems for a Class of Iden-
tically Distributed Random Variables. Ann. Probab. 32(3), 2029–2052.

Blackwell, D. and J. MacQueen (1973). Ferguson distributions via Pólya
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neous hidden markov model for segmenting array cgh data. Bioinformat-
ics 22(9), 1144–1146.

Mitchell, C., M. Harper, and L. Jamieson (1995). On the complexity of ex-
plicit duration hmm’s. Speech and Audio Processing, IEEE Transactions
on 3(3), 213–217.

Müller, P., G. Parmigiani, and K. Rice (2007). FDR and Bayesian multi-
ple comparisons rules. In J. Bernardo, M. Bayarri, J. Berger, A. Dawid,
D. Heckerman, A. Smith, and M. West (Eds.), Bayesian Statistics 8. Ox-
ford, UK: Oxford University Press.

20



Müller, P. and F. Quintana (2010). Random partition models with regres-
sion on covariates. Journal of Statistical Planning and Inference 140(10),
2801–2808.

Neal, R. M. (2000). Markov Chain Sampling Methods for Dirichlet Process
Mixture Models. Journal of Computational and Graphical Statistics 9,
249–265.

Newton, M. A., A. Noueiry, D. Sarkar, and P. Ahlquist (2004). Detecting
differential gene expression with a semiparametric hierarchical mixture
method. Biostatistics 5, 155—176.

Park, J. and D. Dunson (2010). Bayesian generalized product partition
model. Statistica Sinica 20(1203–1226).

Pitman, J. (1996). Some developments of the Blackwell-MacQueen urn
scheme, Volume 30, pp. 245–267. Lecture Notes-Monograph Series, In-
stitute of Mathematical Statistics, Hayward, California.

Pitman, J. (2006). Combinatorial Stochastic Processes. Lecture Notes in
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