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Today’s Lecture

o Chapter 1 (Section1.4)
Nested Quantifiers(1.4)

o Chapter 2 (Sections 2.1 & 2.2)
Sets(2.1)
Set Operations (2.2)
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What are Nested quantifiers?

If one quantifier is within the scope of the
other.

o Eg.
U:R
Vx3yx+y=0)

This is the same as V x Q(x),
where Q(x)is 3y P(x,y),
where P(x,y)is (x +y = 0)
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Announcements

o Quiz schedule online *
Will allow you to drop 1 quiz
Next Quiz is on Thursday
* Subject to change

o Homework is online
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Chapter 1: Section 1.4
AR ENE e

Nested Quantifiers

Translating to English

Translate:
U:R
vV xVy((x>0) A (y<0) — (xy<0)
“For every real number x and every real
numbery, ifx > 0 and y <0, then xy < 0”
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Switching order

o Ifthe quantifiers are the same switching
order doesn’t matter
(ie. All V's or all F’s)
VxVyPxy)=VyVxPxYy)
Ix3IyP(xy)=3IyIxPY)

o If the quantifiers are different then order

matters
Vx3yP(xy) B3Iy VxP(xy)

NOT Equivalent
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Thinking of Quant. as Loops (2)
Vx3yP(xy)
Loop through x values
For each x value loop through the y values
If we find one y for each x such that P(x, y) is true
thenV x3yP(xy) is True
If for any one x we can’tfind a y such that P(x)y) is true
|
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then Vx3yP(xy) isFalse
AxVyPExYy)
Loop through x values
For each x value loop through the y values
If we find an x such P(x, y) is true for all y’s
then 3xVyP(xy) is True
If we can’t find such an x
then 3xV yP(xv) is False 9

—. Quantification of Two Variables

ment

P(x, y) is true for
every X, y pair

There is an x, y pair for

X vy which P(x,y) is false

For every X, There is an x such that
/VVX Jy there is at least one y P(x, y) is false

Note: Theseare | TOF Which P(x, y) is true  for every y

rotequvadent | There is an x for which  For every x

\>EIX vy P(x, y) is true for there is at least one y
everyy for which P(x,y) is false

There is at least one X, y
Ix Iy pair for which
P(x, y) is true

— 1

P(x, y) is false
for every x, y pair

VxVyPxy)
Loop through x values
For each x value loop through the y values
If we find that P(x, y) is true for all values of y
for every x,
thenV x V y P(x,y) is True
If we find one y for any x such that P(x,y) is False

Thinking of Quantification as Loops
To prove or disprove nested quantifications
—>think in terms of nested loops
.

: then V x VyP(xy) is False
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then3x 3y P(x,y) isFalse
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Thinking of Quant. as Loops (3)
Ix3yP(xy)
Loop through x values
For each x value loop through the y values
If we find one y for one x such that P(x, y) is true
then3dx3yP(x,y) is True
If we can’t fine one x and one y such that P(x)y) is true
Co

Translating from English to
Nested Quantifiers

“The product of two positive numbers is
positive.”

U:R

VxVy[x>0Ay>0)— (xy>0)]

Is there an easier way?
U:R>0

DN T

: VxVy (xy>0)
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Translating from English to
Nested Quantifiers (2)

“Given a number, there is a number greater
than it.”

In other words:

“For every number x we choose, there is a
number y such that y >x.”

U:R

& vx 3y (y >x)
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Chapter 2: Section 2.1

Sets
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Homework for Section 1.4

o 3(b,f)
o 5(b,f)
0 9(b,d,h,j)
o 11(b,fh)
0 15(b,d,f)

o Feel free to do more if you need the practice
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Some Notations

a € A 2 ais an element of the set A

b € A = ais not an element of the set A

U

°b
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What is a Set?

o Set: Anunordered collection of objects
The point - to group objects together
Often objects have some similar properties

o Objects : elements or members of the set

A setis said to containits element y )

. I

Ul .
Ee— Og ‘/J\Ob »

ngtAm} = 1047 Biemants, or
‘ .SA '15“\\ ,/)
2

—

<_Venn Diagram_>
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Describing sets
o { } denote all the elements in the set
Eg.
V={a,e,j,ou}
(SetV) (gloments
Sets can also have unrelated objects
0={26, Paul, Pot, a}

... - ellipses denote a pattern
1={2,4,6,..,98}
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Set Builders (describing sets)
o You can also use set builders so that you
don’t have to name every element
Just state the properties
I={x| x is a positive even integer less than 100}

Or
[={x € Z* | x is even and x<100}
Al integers + “Al positive

mm ° You can also use Predicates

I={x | P(x)}
[ contains all elements from U which make P true
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Common Universal Sets

N ={0,1,2,3,...}, the set of natural numbers
Z=1{..,-2,-1,0,1,2,.} the set of integers
Zt={1,2,3,...}, the set of positive integers

Q={p/q|p€Z,q€eZandq+# 0}, the set
of rational numbers

R, the set of real numbers

Note: Sometimes 0 is not considered a
part of the set of natural numbers.

Think of the empty set as an empty folder
Think of this {#J} as a folder with only an empty folder in it
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Subsets

Aisa of B iff every element of Ais
also an element of B.

o In other words A is a subset of B iff
Vx (x€A—x €B).
o Notation ] U
ACB
Example: 1 GB \
A={2,4,6} ;
B={1,2,3,4,5,6,7,8} : :
ACB
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Proper Subsets
o A proper subset is a subset in which A # B
o In other words A is a proper subset of B iff
VX(XxEA—x EB)AIx(XEB A x €A)
Notation: Ac B
Eg.
A={1,2,3}
B={0,1,2,3,4,5,6}
A c B because B has more elements than A
If A={0,1,2,3,4,5,6}
then AS B,butA¢ B
What if A={1,2,9}?
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Special Sets
o The empty set, void set,or null set
A set with no elements
Notation: @ or { }
The assertion x€ ¢ is always false
o The singleton set
A set with one element
Is this the empty set? {0}
No! Itis the singleton set with the empty set as its element

Theorem 1

For every set S,
(1) 4cS and(2) ScS

Proof

Let S be a set

To show that @ € S we must show that
Vx(x€EP —x€ES)istrue

Because @ contains no elements,
it follows that x € @ is always false.

It follows that x € # — x € S is always true, because its
hypothesis is always false and a conditional statement
with a false hypothesis is always true.

Therefore Vx (x € — x €S) is true
24




Equal Sets

Two sets are iff they have the same elements,

o In other words A and B are equal iff
Vx(x€EAe x EB).

o Notation
A=B

Eg.

A={x,y, z}

L B={z, %, y}

mm C=(22222yyyyyyyyx}

A=B=C

25

Equal Sets (2)

We can prove 2 sets (A & B) are equal if we
can show:
AcBandBCcA

Remember :

A C B isthe sameas Vx (x € A — x € B) and
BC A isthesameas Vx (x EB—x € A)

Which is the same as saying Vx (x € A« x €B)
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Sets as Elements/Members

o Sets may have other sets as elements
Like with the empty set ...

A={@, {a}, {b}, {a,b}}

Isa€A?

No!

Is{a} € A?

Yes!

Is B={x | x is a subset of the set {a,b}}
equivalent to A?

Yes!
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Cardinality, Finite & Infinite Sets

Let S be a set.
If there is exactly n distinct elements in S
where n is a nonnegative integer,

we saythatSis a and that
N is the of S.

o Notation for cardinality: |S|

Eg.

Let V be the set of vowels in the alphabet
VI=5

Asetis if it is not finite.
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The Power Set

Given a set S,

the is the set of all subsets of S.

o Notation
P(S)

Eg.
Let S={ab,c}
What is P(S)?
P(9)={@, {a}, {b}, {c}.{ab}, {a,c}.{b,c}.{a,b,c}}
How many elements does P(S) have if |S| is 6?
2% or 64 elements
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Ordered n-tuples

o Sometimes order matters
Sets are unordered
We use ordered n-tuples

The (ay, ay.., a,) isthe ordered
collection that has a, as its first element, a, as its

2"d element, ..., and a, as its nth element.

They are equal iff each corresponding pair of
elements is equal.

{ay ag..,a,} ={by, by, b} iff a,=Db;
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Cartesian Product

Let A & B be sets.

The of A and B is the set of all
ordered pairs (a,b) where a € Aandb € B.

o Notation
AxB

Eg.

Let A={1,2} and B= {a,b,c}

Whatis AxB

o AxB={(1,a),(1,b),(1,0), (2,2),(2)b), (2,0)}
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Relations

A subset R of the Cartesian product Ax B
iscalled a from set A to set B.

The elements of R are ordered pairs where the
1st element belongs to A and the 2™ to B.

Eg.
Let A={1,2} and B= {a,b,c}
R={(1,3), (Lb), (1,¢), (2,2), (2,b), (2,)}

Ris a relations from Set A to Set B
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Homework for Section 2.1
01,3,5,7, 13,17, 23, 25,27, 31
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Cartesian Product (2)

o Some things to note:
A x B # BxAunless
A=@orB=0 (thusAxB=0)or
A=B
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Cartesian Prod}mi Mgm ;han 2 sets

The of the sets A, A,, ..., A,
is the set of ordered n-tuples (a;, a,, ..., a,),

where a;belongs to A, fori=1,2,...,n

o Notated
A xAx..XA,
Eg.
Let A={1,2}, B={ab,c}, C={y,z}
Whatis AxBxC

o AxBxC={(1ay), (1,a2), (Lby), (1,bz), (1,cy), (1,c2),
(2ay), (2az), (2by), (2b2), (2.cy), (2,c.2)}

a,b,c)where acA, b€B,andc €C w

Chapter 2: Section 2.2

Set Operations




Union

o Let A & B be sets.

The unionof the sets A & B is the set that
contains those elements in either A or B
or both.

o Notation: A U B
In other words: {x|x € AV x € B}
Eg
A={1,2,3}
W8 B=(3,4,5}

E AUB={1,2,3,45}

Intersection

o Let A & B be sets.

The intersection of the sets A & B is the set
that contains those elements in both A
and B.

o Notation: A B
In other words: {x|x € A A x € B}
Eg
A={1,2,3}
B={3,4,5}

ANB={3}
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Disjoint
o Let A & Bbe sets.

A & B are disjointif the intersection of the
sets A & B is the empty set.

Eg

A={1,2,3}
B={4,5,6}
ANB=g

A & B are Disjoint
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Union — Venn Diagram

@ The McGraw-Hill Companies, Inc. all rights reserved.

U

A U B is shaded.
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U

E Intersection — Venn Diagram
|

| A N B is shaded.
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Disjoint — Venn Diagram
u
@ ‘
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SIN . B8 _=E

Difference / Complement

o LetA & Bbesets.

The difference in A & B is the set containing those
elements thatare in A, but notin B.

AKA the complement of B with respectto A.
o Notation: A - B
In other words: {x|x € A A x & B}
Eg
A={1,2,3}
B={3,4,5,6}
A-B={1,2}
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(Absolute) Complement
o Once the universal set U can be specified, the
complement can be defined
Let U be the universal set.
The (absolute) complementof set A,
is the complement of A with respect to U.
In other words,
the (absolute) complementof set A is U-A
o Notation: A or A°
In other words: {x|x & A} or {x| =(x €EA)}
Eg
U={2,4, 6,8,10}
A={2,4,6}
A= {8,10} 45
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Difference / Complement
— Venn Diagram

© The McGraw-Hill Companies, Inc. all rights reserved.

U

A — B is shaded.

E
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Symmetric Difference

o LetA & Bbe sets.
The symmetric difference in A & B is the set
containing those elements that are in A, but not in
B and the elements in B, that are not in A.
o Notation: A® B
In other words: (A-B) U (B-A)
Eg
A={1,2,3}
B={3,4,5,6}
A-B={12}
B-A={4,5,6}
A®B={1,2,4,56}
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Complement
© The McGraw-Hill Companies, Inc. all rights reserved.

U

A is shaded.
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Examples
U={0,1,2,3,4,5,6,7,8,9,10}
A={1,2,3,4,5}
B={4,5,6,7,8}
AUB={1,2,3,4,5,6,7,8}

ANB = {4,5}
A= {0,6,7,8,9,10}
Be=  {0,1,2,3,9,10}
A-B= {1,2,3}
B-A= {6,7,8}

A®B = {1,2,3,6,7,8}




TABLE 1 Set Identities.

More Set Identities

AuBuC)= (AuB)uC
AN(BNC)= (AnBYNnC

Associative laws

AN(BUC)= (ANB)u(ANC)
AUBNC)= (AUB)N(ALC)

Distributive laws

AuUB
AnB

]
| |
| =l

i
[

De Morgan’s laws

Tdentity Name

Au@d=A Identity laws

AnU= A

Aul=U Domination laws
ANn@=03

Aud= A Idempotent laws
AnmA= A

(T) = A Complementation law
AuB= BuA Commutative laws
AnB= BnA

AU(AnB)= A
Arn(AUB)= A

Absorption laws

AulBuC)= (AuB)uC
An(BNC)= (AnB)nC

Associative laws

AuAd=U
ANA=0

Complement laws
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