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The purpose of this paper is to give a “textbook quality” proof of the optimal algorithm, called5

Ranking, for the online bipartite matching problem (OBM) and to highlight its role in matching-based6

market design. In particular, we discuss a generalization of OBM, called the adwords problem, which7

has had a significant impact in the ad auctions marketplace.8
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1 Introduction14

The online bipartite matching problem1 (OBM) occupies a central place not only in online15

algorithms but also in matching-based market design, see details in Sections 1.1 and 1.2.16

The purpose of this paper is to give a “textbook quality” proof2 of the optimal algorithm,17

called Ranking, for this problem and to highlight its role in matching-based market design.18

In particular, we discuss a generalization of OBM, called the adwords problem, which has19

had a significant impact in the ad auctions marketplace, see Section 1.2.20

Ranking achieves a competitive ratio of
(

1− 1
e

)
[17]. Its analysis, given in [17], was con-21

sidered “difficult” and it also had an error. Over the years, several researchers contributed22

valuable ideas to simplifying its proof, see Section 1.1 for details. The proof given in this23

paper is based on these ideas. Additionally, we highlight a key property used in the proof,24

called the No-Surpassing Property and simplify further its proof. This property turns out to25

be the bottleneck to a substantial generalization which was attempted in [21], as described26

below.27

The adwords problem, which is called General in this paper, is a generalization of OBM.28

It involves matching keyword queries, as they arrive online, to advertisers; the latter have29

daily budget limits and they make bids for the queries. The overall goal is to maximize30

the total revenue. This problem is notoriously difficult and has remained largely unsolved;31

see Section 1.1 for marginal progress made recently. Its special case, when bids are small32

compared to budgets, called Small, captures a key computational issue that arises in33

the context of ad auctions, for instance in Google’s AdWords marketplace. An optimal34

algorithm for Small, achieving a competitive ratio of
(

1− 1
e

)
, was first given in [19]; for35

the impact of this result in the marketplace, see Section 1.2.36

1 For formal statements of problems discussed in this paper, see Section 2.
2 e.g., the proof given in the chapter [8] of the upcoming edited book on matching-based market design.
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23:2 Online Bipartite Matching and Adwords

In Open Problem Number 20 in [18], Mehta asks for a budget-oblivious online algorithm for37

Small. Such an algorithm does not know the daily budgets of advertisers; however, in a38

run of the algorithm, it knows when the budget of an advertiser is exhausted. However,39

its revenue is still compared to the optimal revenue generated by an offline algorithm40

with full knowledge of the budget. Its importance lies in its use in autobidding platforms41

[1, 6], which manage the ad campaigns of large advertisers; they dynamically adjust bids42

and budgets over multiple search engines to improve performance. The greedy algorithm,43

which matches an arriving query to the advertiser making the highest bid, is clearly budget-44

oblivious; its competitive ratio is 0.5. An improved algorithm, having a competitive ratio of45

0.522, was recently obtained by Udwani [20], using the idea of an LP-free analysis, which46

involves writing appropriate linear inequalities to compare the online algorithm with the47

offline optimal algorithm.48

Motivated by the recent simplification of the proof of (OBM), [21] attempted to extend49

Ranking all the way to Small. This attempt represents a more basic approach to Small50

than the one used in [19] (see Section 1.1) and the hope was that it would yield an algorithm51

with better properties, e.g., budget-obliviousness. [21] managed to extend Ranking to an52

intermediate problem, called Single-Valued, thereby giving an optimal, budget-oblivious53

algorithm; see Section 1.1 for competing results for this problem. Under Single-Valued,54

each advertiser can make bids of one value only, although the value may be different for55

different advertisers.56

The analysis of Single-Valued given in [21] involved new ideas from two domains, namely57

probability theory and combinatorics, with the former playing a dominant role and the58

latter yielding a proof of the No-Surpassing Property for Single-Valued. Equipped with59

these new ideas, [21] next attempted an extension from Ranking to Small. Although60

the more difficult, probabilistic part, of the argument did extend, a counter-example was61

found to the combinatorial part, showing that the No-Surpassing Property does not hold62

for Small.63

1.1 Related Works64

We start by stating simplifications to the proof of OBM. At first, [11, 4], got the ball rolling,65

setting the stage for the substantial simplification given in [7], using a randomized primal-66

dual approach. [7] introduced the idea of splitting the contribution of each matched edge67

into primal and dual contributions and lower-bounding each part separately. Their method68

for defining prices pj of goods, using randomization, was used by subsequent papers,69

including this one3.70

Interestingly enough, the next simplification involved removing the scaffolding of LP-71

duality and casting the proof in purely probabilistic terms4, using notions from economics72

to split the contribution of each matched edge into the contributions of the buyer and the73

seller. This elegant analysis was given by [9]. A further simplification to the proof of the74

No-Surpassing Property for OBM is given in the current paper.75

An important generalization of OBM is online b-matching. This problem is a special case76

3 For a succinct proof of optimality of the underlying function, ex−1, see Section 2.1.1 in [12].
4 Even though there is no overt use of LP-duality in the proof of [9], it is unclear if this proof could have

been obtained directly, without going the LP-duality-route.



V. V. Vazirani 23:3

of General in which the budget of each advertiser is $b and the bids are 0/1. [16] gave a77

simple optimal online algorithm, called BALANCE, for this problem. BALANCE awards78

the next query to the interested bidder who has been matched least number of times so far.79

[16] showed that as b tends to infinity, the competitive ratio of BALANCE tends to
(

1− 1
e

)
.80

Observe that b-matching is a special case of Small, if b is large. Indeed, the first online81

algorithm [19] for Small was obtained by extending BALANCE as follows: [19] first gave82

a simpler proof of the competitive ratio of BALANCE using the notion of a factor-revealing83

LP [15]. Then they gave the notion of a tradeoff-revealing LP, which yielded an algorithm84

achieving a competitive ratio of
(

1− 1
e

)
. [19] also proved that this is optimal for b-matching,85

and hence Small, by proving that no randomized algorithm can achieve a better ratio for86

online b-matching; previously, [16] had shown a similar result for deterministic algorithms.87

The algorithm of [19] is simple and operates as follows. The effective bid of each bidder j88

for a query is its bid multiplied by (1− eLj/Bj), where Bj and Lj are the total budget and89

the leftover budget of bidder j, respectively; the query is matched to the bidder whose90

effective bid is highest. As a result, the algorithm of [19] needs to know the total budget of91

each bidder. Following [19], a second optimal online algorithm for Small was given in [5],92

using a primal-dual approach.93

Another relevant generalization of OBM is online vertex weighted matching, in which the94

offline vertices have weights and the objective is to maximize the weight of the matched95

vertices. [2] extended Ranking to obtain an optimal online algorithm for this problem.96

Clearly, Single-Valued is intermediate between General and online vertex weighted97

matching. [2] gave an optimal online algorithm for Single-Valued by reducing it to online98

vertex weighted matching. This involved creating k j copies of each advertiser j. As a result,99

their algorithm needs to use ∑j∈A k j random numbers, where A is the set of advertisers.100

We note that independent of [21], Albers and Schubert [3] had also obtained an optimal,101

budget-oblivious algorithm for Single-Valued; however, their technique was different and102

involved formulating a configuration LP and conducting a primal-dual analysis. Another103

advantage of the algorithms of [3] and [21], in contrast to [2], was that they need to use104

only |A| random numbers.105

For General, the greedy algorithm, which matches each query to the highest bidder,106

achieves a competitive ratio of 1/2. Until recently, that was the best possible. In [13] a107

marginally improved algorithm, with a ratio of 0.5016, was given. It is important to point108

out that this 60-page paper was a tour-de-force, drawing on a diverse collection of ideas —109

a testament to the difficulty of this problem.110

In the decade following the conference version (FOCS 2005) of [19], search engine com-111

panies generously invested in research on models derived from OBM and adwords. Their112

motivation was two-fold: the substantial impact of [19] and the emergence of a rich collec-113

tion of digital ad tools. It will be impossible to do justice to this substantial body of work,114

involving both algorithmic and game-theoretic ideas; for a start, see the surveys [18, 12].115

1.2 Significance and Practical Impact116

Google’s AdWords marketplace generates multi-billion dollar revenues annually and the117

current annual worldwide spending on digital advertising is almost half a trillion dollars.118

These revenues of Google and other Internet services companies enable them to offer119

CVIT 2016
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crucial services, such as search, email, videos, news, apps, maps etc. for free – services that120

have virtually transformed our lives.121

We note that Small is the most relevant case of adwords for the search ads marketplace e.g.,122

see [6]. A remarkable feature of Google, and other search engines, is the speed with which123

they are able to show search results, often in milliseconds. In order to show ads at the124

same speed, together with search results, the solution for Small needed to be minimalistic125

in its use of computing power, memory and communication.126

The online algorithm of [19] satisfied these criteria and therefore had a substantial impact127

in this marketplace. Furthermore, the idea underlying their algorithm was extracted into a128

simple heuristic, called bid scaling, which uses even less computation and is widely used129

by search engine companies today. As mentioned above, our Conditional Algorithm for130

Small is even more elementary and is budget-oblivious.131

It will be useful to view the AdWords marketplace in the context of a bigger revolution,132

namely the advent of the Internet and mobile computing, and the consequent resurgence133

of the area of matching-based market design. The birth of this area goes back to the134

seminal 1962 paper of Gale and Shapley on stable matching [10]. Over the decades, this135

area became known for its highly successful applications, having economic as well as136

sociological impact. These included matching medical interns to hospitals, students to137

schools in large cities, and kidney exchange.138

The resurgence led to a host of highly innovative and impactful applications. Besides the139

AdWords marketplace, which matches queries to advertisers, these include Uber, matching140

drivers to riders; Upwork, matching employers to workers; and Tinder, matching people to141

each other, see [14] for more details.142

A successful launch of such markets calls for economic and game-theoretic insights, together143

with algorithmic ideas. The Gale-Shapley deferred acceptance algorithm and its follow-up144

works provided the algorithmic backbone for the “first life” of matching-based market145

design. The algorithm Ranking has become the paradigm-setting algorithmic idea in the146

“second life” of this area. Interestingly enough, this result was obtained in the pre-Internet147

days, over thirty years ago.148

2 Preliminaries149

Online Bipartite Matching (OBM): Let B be a set of n buyers and S a set of n goods. A150

bipartite graph G = (B, S, E) is specified on vertex sets B and S, and edge set E, where for151

i ∈ B, j ∈ S, (i, j) ∈ E if and only if buyer i likes good j. G is assumed to have a perfect152

matching and therefore each buyer can be given a unique good she likes. Graph G is153

revealed in the following manner. The n goods are known up-front. On the other hand, the154

buyers arrive one at a time, and when buyer i arrives, the edges incident at i are revealed.155

We are required to design an online algorithm A in the following sense. At the moment156

a buyer i arrives, the algorithm needs to match i to one of its unmatched neighbors, if157

any; if all of i’s neighbors are matched, i remains unmatched. The difficulty is that the158

algorithm does not “know” the edges incident at buyers which will arrive in the future and159

yet the size of the matching produced by the algorithm will be compared to the best off-line160

matching; the latter of course is a perfect matching. The formal measure for the algorithm161

is defined in Section 2.1.162
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General Adwords Problem (General): Let A be a set of m advertisers, also called bidders,163

and Q be a set of n queries. A bipartite graph G = (Q, A, E) is specified on vertex sets164

Q and A, and edge set E, where for i ∈ Q and j ∈ A, (i, j) ∈ E if and only if bidder j165

is interested in query i. Each query i needs to be matched5 to at most one bidder who is166

interested in it. For each edge (i, j), bidder j knows his bid for i, denoted by bid(i, j) ∈ Z+.167

Each bidder also has a budget Bj ∈ Z+ which satisfies Bj ≥ bid(i, j), for each edge (i, j)168

incident at j.169

Graph G is revealed in the following manner. The m bidders are known up-front and the170

queries arrive one at a time. When query i arrives, the edges incident at i are revealed,171

together with the bids associated with these edges. If i gets matched to j, then the matched172

edge (i, j) is assigned a weight of bid(i, j). The constraint on j is that the total weight of173

matched edges incident at it be at most Bj. The objective is to maximize the total weight of174

all matched edges at all bidders.175

Adwords under Single-Valued Bidders (Single-Valued): Single-Valued is a special case176

of General in which each bidder j will make bids of a single value, bj ∈ Z+, for the queries177

he is interested in. If i accepts j’s bid, then i will be matched to j and the weight of this178

matched edge will be bj. Corresponding to each bidder j, we are also given k j ∈ Z+, the179

maximum number of times j can be matched to queries. The objective is to maximize the180

total weight of matched edges. Observe that the matching M found in G is a b-matching181

with the b-value of each query i being 1 and of advertiser j being k j.182

Adwords under Small Bids (Small): Small is a special case of General in which for183

each bidder j, each bid of j is small compared to its budget. Formally, we will capture this184

condition by imposing the following constraint. For a valid instance I of Small, define185

µ(I) = max
j∈A

{
max(i,j)∈E {bid(i, j)− 1}

Bj

}
.186

Then we require that187

lim
n(I)→∞

µ(I) = 0,188

where n(I) denotes the number of queries in instance I.189

2.1 The competitive ratio of online algorithms190

We will define the notion of competitive ratio of a randomized online algorithm in the191

context of OBM.192

I Definition 1. Let G = (B, S, E) be a bipartite graph as specified above. The competitive ratio of193

a randomized algorithm A for OBM is defined to be:194

c(A) = min
G=(B,S,E)

min
ρ(B)

E[A(G, ρ(B))]
n

,195

where E[A(G, ρ(B))] is the expected size of matching produced by A; the expectation is over the196

random bits used by A. We may assume that the worst case graph and the order of arrival of buyers,197

5 Clearly, this is not a matching in the usual sense, since a bidder may be matched to several queries.

CVIT 2016
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I Algorithm 3. (Algorithm Ranking)

1. Initialization: Pick a random permutation, π, of the goods in S.

2. Online buyer arrival: When a buyer, say i, arrives, match her to the first unmatched
good she likes in the order π; if none, leave i unmatched.

Output the matching, M, found.

given by ρ(B), are chosen by an adversary who knows the algorithm. It is important to note that the198

algorithm is provided random bits after the adversary makes its choices.199

I Remark 2. For each problem studied in this paper, we will assume that the offline200

matching is complete. It is easy to extend the arguments, without changing the competitive201

ratio, in case the offline matching is not complete. As an example, this is done for OBM in202

Remark 16.203

3 Ranking and its Analysis204

Algorithm 3 presents an optimal algorithm for OBM. Note that this algorithm picks a205

random permutation of goods only once. Its competitive ratio is (1− 1
e ), as shown in206

Theorem 15. Furthermore, as shown in [17], it is an optimal online bipartite matching207

algorithm: no randomized algorithm can do better, up to an o(1) term.208

We will analyze Algorithm 5 which is equivalent to Algorithm 3 and operates as follows.209

Before the execution of Step (1), the adversary determines the order in which buyers210

will arrive, say ρ(B). In Step (1), each good j is assigned a price pj = ewj−1, where wj,211

called the rank of j, is picked at random from [0, 1]; observe that pj ∈ [ 1
e , 1]. In Step (2),212

buyers will arrive in the order ρ(B), picked by the adversary, and will be matched to the213

cheapest available good. With probability 1 all n prices are distinct and sorting the goods214

by increasing prices results in a random permutation. Furthermore, since Algorithm 5 uses215

this sorted order only and is oblivious of the actual prices, it is equivalent to Algorithm 3.216

As we will see, the random variables representing actual prices are crucially important as217

well – in the analysis. We remark that for the generalizations of OBM studied in this paper,218

the prices are used not only in the analysis, but also by the algorithms.219

3.1 Analysis of Ranking220

We will use an economic setting for analyzing Algorithm 5 as follows. Each buyer i has221

unit-demand and 0/1 valuations over the goods she likes, i.e., she accrues unit utility from222

each good she likes, and she wishes to get at most one of them. The latter set is precisely223

the set of neighbors of i in G. If on arrival of i there are several of these which are still224

unmatched, i will pick one having the smallest price 6. Therefore the buyers will maximize225

6 As stated above, with probability 1 there are no ties.
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I Algorithm 5. (Algorithm Ranking: Economic Viewpoint)

1. Initialization: ∀j ∈ S: Pick wj independently and uniformly from [0, 1].
Set price pj ← ewj−1.

2. Online buyer arrival: When a buyer, say i, arrives, match her to the cheapest un-
matched good she likes; if none, leave i unmatched.

Output the matching, M, found.

their utility as defined below.226

For analyzing this algorithm, we will define two sets of random variables, ui for i ∈ B and227

rj, for j ∈ S. These will be called utility of buyer i and revenue of good j, respectively. Each228

run of Ranking defines these random variables as follows. If Ranking matches buyer229

i to good j, then define ui = 1− pj and rj = pj, where pj is the price of good j in this230

run of Ranking. Clearly, pj is also a random variable, which is defined by Step (1) of the231

algorithm. If i remains unmatched, define ui = 0, and if j remains unmatched, define232

rj = 0. Observe that for each good j, pj ∈ [ 1
e , 1] and for each buyer i, ui ∈ [0, 1− 1

e ]. Let M233

be the matching produced by Ranking and let random variable |M| denote its size.234

Lemma 4 pulls apart the contribution of each matched edge (i, j) into ui and rj. Next,235

we established in Lemma 13 that for each edge (i, j) in the graph, the total expected236

contribution of ui and rj is at least 1 − 1
e . Then, linearity of expectation allows us to237

reassemble the 2n terms in the right hand side of Lemma 4 so they are aligned with a238

perfect matching in G, and this yields Theorem 15.239

I Lemma 4.

E[|M|] =
n

∑
i

E [ui] +
n

∑
j

E[rj].240

Proof. By definition of the random variables,241

E[|M|] = E

[
n

∑
i=1

ui +
n

∑
j=1

rj

]
=

n

∑
i

E [ui] +
n

∑
j

E[rj],242

where the first equality follows from the fact that if (i, j) ∈ M then ui + rj = 1 and the243

second follows from linearity of expectation. J244

While running Algorithm 5, assume that the adversary has picked the order of arrival of245

buyers, say ρ(B), and Step (1) has been executed. We next define several ways of executing246

Step (2). Let R denote the run of Step (2) on the entire graph G. Corresponding to each247

good j, let Gj denote graph G with vertex j removed. Define Rj to be the run of Step (2) on248

graph Gj.249

CVIT 2016
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Lemma 6 and Corollary 7 establish a relationship between the sets of available goods for a250

buyer i in the two runs R and Rj; the latter is crucially used in the proof of Lemma 11.251

For ease of notation in proving these two facts, let us renumber the buyers so their order of252

arrival under ρ(B) is 1, 2, . . . n. Let T(i) and Tj(i) denote the sets of unmatched goods at253

the time of arrival of buyer i (i.e., just before the buyer i gets matched) in the graphs G and254

Gj, in runs R and Rj, respectively. Similarly, let S(i) and Sj(i) denote the set of unmatched255

goods that buyer i is incident to in G and Gj, in runs R and Rj, respectively.256

We have assumed that Step (1) of Algorithm 5 has already been executed and a price pk257

has been assigned to each good k. With probability 1, the prices are all distinct. Let F1 and258

F2 be subsets of S containing goods k such that pk < pj and pk > pj, respectively.259

I Lemma 6. For each i, 1 ≤ i ≤ n, the following hold:260

1. (Tj(i) ∩ F1) = (T(i) ∩ F1).261

2. (Tj(i) ∩ F2) ⊆ (T(i) ∩ F2).262

Proof. Clearly, in both runs, R and Rj, any buyer having an available good in F1 will263

match to the most profitable one of these, without even considering the rest of the goods.264

Since j /∈ F1, the two runs behave in an identical manner on the set F1, thereby proving the265

first statement.266

The proof of the second statement is by induction on i. The base case is trivially true since267

j /∈ F2. Assume that the statement is true for i = k and let us prove it for i = k + 1. By the268

first statement, we need to consider only the case that there are no available goods for the269

kth buyer in F1 in the runs R and Rj. Assume that in run Rj, this buyer gets matched to270

good l; if she remains unmatched, we will take l to be null. Clearly, l is the most profitable271

good she is incident to in Tj(k). Therefore, the most profitable good she is incident to in272

run R is the best of l, the most profitable good in T(k)− Tj(k), and j, in case it is available.273

In each of these cases, the induction step holds. J274

In the corollary below, the first two statements follow from Lemma 6 and the third statement275

follows from the first two.276

I Corollary 7. For each i, 1 ≤ i ≤ n, the following hold:277

1. (Sj(i) ∩ F1) = (S(i) ∩ F1).278

2. (Sj(i) ∩ F2) ⊆ (S(i) ∩ F2).279

3. Sj(i) ⊆ S(i).280

Next we define a new random variable, ue, for each edge e = (i, j) ∈ E. This is called the281

threshold for edge e and is given in Definition 8. It is critically used in the proofs of Lemmas282

11 and 13.283

I Definition 8. Let e = (i, j) ∈ E be an arbitrary edge in G. Define random variable, ue, called284

the threshold for edge e, to be the utility of buyer i in run Rj. Clearly, ue ∈ [0, 1− 1
e ].285
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I Property 9. (No-Surpassing for OBM) Let pj be such that the bid of j, namely 1− pj, is286

better than the best bid that buyer i gets in run Rj. Then, in run R, no bid to i will surpass 1− pj.287

I Lemma 10. The No-Surpassing Property holds for OBM.288

Proof. Suppose the bid of j, namely 1− pj, is better than the best bid that buyer i gets in289

run Rj. If so, i gets no bid from F1 in Rj; observe that they are all higher than 1− pj. Now,290

by the first part of Corollary 7, i gets no bid from F1 in run R as well, i.e., in run R, no bid291

to i will surpass 1− pj. J292

I Lemma 11. Corresponding to each edge (i, j) ∈ E, the following hold.293

1. ui ≥ ue, where ui and ue are the utilities of buyer i in runs R and Rj, respectively.294

2. Let z ∈ [0, 1− 1
e ]. Conditioned on ue = z, if pj < 1− z, then j will definitely be matched in295

run R.296

Proof. 1). By the third statement of Corollary 7, i has more options in run R as compared297

to run Rj, and therefore ui ≥ ue.298

2). In run R, if j is already matched when i arrives, there is nothing to prove. Next assume299

that j is not matched when i arrives. The crux of the matter is that by Lemma 10, the300

No-Surpassing Property holds. Therefore, in run R, i will not have any option that is better301

than j and will therefore get matched to j. Since 1− pj > z, Sj(i) ∩ F1 = ∅. Therefore by302

the first statement of Corollary 7, S(i) ∩ F1 = ∅. Since i will get no bid better than j in R,303

the no-surpassing property indeed holds and i must get matched to j. J304

I Remark 12. The random variable ue is called threshold because of the second statement of305

Lemma 11. It defines a value such that whenever pj is smaller than this value, j is definitely306

matched in run R.307

The intuitive reason for the next, and most crucial, lemma is the following. The smaller308

ue is, the larger is the range of values for pj, namely [0, 1− ue), over which (i, j) will be309

matched and j will accrue revenue of pj. Integrating pj over this range, and adding E[ui]310

to it, gives the desired bound. Crucial to this argument is the fact that pj is independent of311

ue. This follows from the fact that ue is determined by run Rj on graph Gj, which does not312

contain vertex j.313

I Lemma 13. Corresponding to each edge (i, j) ∈ E,314

E[ui + rj] ≥ 1− 1
e

.315

Proof. By the first part of Lemma 11, E[ui] ≥ E[ue].316

Next, we will lower bound E[rj]. Let z ∈ [0, 1− 1
e ] and let us condition on the event ue = z.317

The critical observation is that ue is determined by the run Rj. This is conducted on graph318

Gj, which does not contain vertex j. Therefore ue is independent of pj.319

By the second part of Lemma 11, rj = pj whenever pj < 1 − z. We will ignore the320

contribution to E[rj] when pj ≥ 1− z. Let w be s.t. ew−1 = 1− z.321

CVIT 2016
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Figure 2 The shaded area is a lower bound on E[rj | ue = z].

Now pj is obtained by picking x uniformly at random from the interval [0, 1] and outputting322

ex−1. In particular, when x ∈ [0, w), pj < 1− z. If so, by the second part of Lemma 11, j is323

matched and revenue is accrued in rj, see Figure 2. Therefore,324

E[rj | ue = z] ≥
∫ w

0
ex−1 dx = ew−1 − 1

e
= 1− 1

e
− z.325

Let fue(z) be the probability density function of ue; clearly, fue(z) = 0 for z /∈ [0, 1− 1
e ].326

Therefore,327

E[rj] = E[E[rj | ue]] =
∫ 1−1/e

z=0
E[rj | ue = z] · fue(z)dz328

329

≥
∫ 1−1/e

z=0

(
1− 1

e
− z
)
· fue(z)dz = 1− 1

e
−E[ue],330

where the first equality follows from the law of total expectation and the inequality follows331

from fact that we have ignored the contribution to E[rj | ue] when pj ≥ 1− z. Hence we get332

E[ui + rj] = E[ui] + E[rj] ≥ 1− 1
e

.333

J334

I Remark 14. Observe that Lemma 13 is not a statement about i and j getting matched335

to each other, but about the utility accrued by i and the revenue accrued by j by being336

matched to various goods and buyers, respectively, over the randomization executed in337

Step (1) of Algorithm 5.338

I Theorem 15. The competitive ratio of Ranking is at least 1− 1
e .339
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Proof. Let P denote a perfect matching in G. The expected size of matching produced by340

Ranking is341

E [|M|] =
n

∑
i

E [ui] +
n

∑
j

E[rj] = ∑
(i,j)∈P

E[ui + rj] ≥ n
(

1− 1
e

)
,342

where the first equality uses Lemma 4, the second follows from linearity of expectation and343

the inequality follows from Lemma 13 and the fact that |P| = n. The theorem follows. J344

I Remark 16. In case G does not have a perfect matching, let P denote a maximum345

matching in G, of size k, say. Then summing E [ui] and E[rj] over the the vertices i and j346

matched by P, we get that the expected size of matching produced by Ranking is at least347

k
(

1− 1
e

)
.348
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